
Übungen zur Vorlesung Relativitätstheorie und Kosmologie II: Problem Sheet 10

1 Show that
[LX,LY] = L[X,Y] .

2 Let Σ be given by the equation x1 = f (x2, . . . , xn). The metric induced on Σ by a
metric g is defined as the metric obtained by replacing, in g, all occurrences of x1 by
f and of dx1 by d f . So, for example, dΩ2 is the metric induced on the unit sphere
by the flat metric dx2 + dy2 + dz2 = dr2 + r2dΩ2 on R3, since on S 2 one substitutes
r = 1 and dr = 0.

Let h be the metric on constant time slices in a spherically symmetric static star with
constant density ρ. Show that h is the metric on a three sphere of a radius which you
should determine. [Hint: write the sphere S 3 ⊂ R4 as w =

√
R2 − x2 − y2 − z2 =

√
R2 − r2, and calculate the metric induced on S 3 by the Euclidean metric dx2 +

dy2 + dz2 + dw2 = dr2 + r2dΩ2 + dw2.]

3 Calculate the total gravitational potential energy of a spherically symmetric New-
tonian star with mass density ρ which is constant within a ball of radius R. [Hint:
To start, find the Newton potential φ of the configuration, solution of

∆φ = 4πGρ ,

satisfying limr→∞ φ = 0. Here you can use the fact that the solution must be spheri-
cally symmetric (why?), so that

∆φ =
1
r2∂r(r2∂rφ) .

You can then use the fact that a shell at radius r of thickness dr will contribute

dU = 4πρr2φdr

to the total potential energy U of the star.]
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