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1 A vector field Xµ is called Killing if

∇µXν + ∇νXµ = 0 .

i. Check that ∂t and ∂ϕ are Killing vectors both in the Minkowski metric and in
the Schwarzschild metric.

ii. Show that if γ is a geodesic and X is Killing, then g(γ̇, X) is constant along γ.

iii. Show that if ∇µT µ
ν = 0 and X is Killing then the vector field Jµ := T µ

νXν has
vanishing divergence, ∇µJµ = 0.

2 Let ϕ satisfy the wave equation in a general space-time with Lorentzian metric g,
�gϕ := ∇µ∇µϕ = 0. Set

Tµν = ∂µϕ∂νϕ −
1
2
∇αϕ∂αϕgµν .

Show that ∇µT µ
ν = 0.

Let X = ∂0 be a Killing vector. Given a hypersurface S = {x0 = const.}, with unit
future-directed timelike normal nµ, set

E :=
∫

S

TµνXνnµ
√

det gi jd3x .

Here gi jdxidx j is the space-part of the metric, where one sets to zero all terms
involving g0µ. E is called the total energy of the field contained in S . Give an
explicit expression for E for the surface {t = 0} in the Minkowski space-time, and
in the Schwarzschild space-time.

3 Lie derivative

Given a vector field X, the Lie derivative LX is an operation on tensors, defined as
follows:

i. For a function f , one sets LX f := X( f ).

ii. For a vector field Y , one sets LXY := [X,Y], the Lie bracket.

iii. For a one form α, LXα is defined by imposing the Leibniz rule written back-
wards:

(LXα)(Y) := LX(α(Y)) − α(LXY) .

Q3.1: a) Why is this the same as the Leibniz rule? [Hint: write this equation using
indices.] b) Check that LXα is a tensor. [Hint: check that the right-hand-side is
linear under multiplication of Y by a function.]

Q3.2: Show that
(LXα)a = Xb∂bαa + αb∂aXb .
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For tensor products the Lie derivative is defined again by imposing linearity under
addition together with the Leibniz rule:

LX(α ⊗ β) = (LXα) ⊗ β + α ⊗ LXβ .

Since a general tensor A is sum of tensor products,

A = Aa1...ap
b1...bq∂a1 ⊗ . . . ∂ap ⊗ dxb1 ⊗ . . . ⊗ dxbq ,

requiring linearity with respect to addition of tensors gives thus a definition of Lie
derivative for any tensor.

Q3.3: Show that

LXT a
b = Xc∂cT a

b − T c
b∂cXa + T a

c∂bXc ,

Q3.4: Can you see the general formula for the Lie derivative LXAa1...ap
b1...bq?
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