Ubungen zur Vorlesung Relativitiitstheorie und Kosmologie II: Problem Sheet 4

1 A non-physical black hole metric. Let a be a strictly positive constant, and for r > a
let g be a Lorentzian metric of the form
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Q1. Proceeding in a way analogous to the analysis of the Schwarzschild metric,
replace ¢ by a new coordinate v so that the metric, in the new coordinates, can be
smoothly extended from the original manifold {r € R} x {r > a} xS to a Lorentzian
metric on a new manifold {v € R} x {r > 0} x §2.

Q2. Show that, with an appropriate choice of the coordinate v, the set {r < a} in the
extended manifold is a black hole region.

Q3. Find the four-acceleration of stationary observers for this metric.

Q4. How would you show that {r = 0} is a singular set for the metric (1)? For the

ambitious: use an algebraic manipulation program to carry this out.

2 Isotropic coordinates for the Schwarzschild metric.

We wish to find coordinates (¢,7, 6, ¢), where ¥ = r(r), for the Schwarzschild metric
in terms of which the spatial metric is conformally flat. In particular, we wish to
find functions 7(r) and functions A(7), B(r) such that
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Q1. Deduce that we require
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Q2. Assuming that ?Tj > 0 and 7 > 0, show that 7 satisfies the relation
ldr 1
rdr  Alr(r— Zm)'
Integrating with respect to r from r = 2m and letting 7(2m) = 7%, show that

7(r):§-[r_m+ (r—m)z_ll
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and, hence,
1 m\?
r= :(7‘ + 5)
r
Q3. Show that
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giving the metric
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ds* = _(~—j,) dr* + (1 + ﬁ,) |d7 +7d|.
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