Ubungen zur Vorlesung Relativitiitstheorie und Kosmologie IT: Problem Sheet 12

1 QI The Lane-Emden equation

Recall from lectures that, for a Newtonian static fluid, p and p satisfy the equation

1 2
14 (r_d_P) .

Assume that p = p.6(r)" and p = p.6(r)"*!, where n, p,, p. are constants, and 6 is a
function to be determined. Check that

n+l
p=Kp-,

for a constant K that you will determine. Show that the function 6 satisfies the
differential equation
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Let r,, > O be defined by
» Kn+1) 14
r,=——p
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and define a new variable & by r = r,£. Deduce that
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Solve this equation with boundary conditions 6(0) = 1, #’(0) = 0 in the case n = 0.
In the case n = 1, let 6,(£) = 6(&)/&, and solve for 6;(£) with the same boundary
conditions. Finally, verify that the function

05(&) = m

1s a solution in the case n = 5.

2 Given a vector field X on a manifold, the flow of X is the solution x“(¢) of the
ordinary differential equation dd—": = X“(x(#)). Given arbitrary initial conditions, find
the flow of the following vector fields:

i. X =xd,+yd, onR?
ii. X =xd,—yd, onR?
ii.  Let M = {a = (a;j) , a;; € R} be the set of all n X n matrices, and let X(a) =

f)
QijFar:+
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3 Given a one-form, @, we define its exterior derivative, da, as

daab = 8aab - 8baa.

Show that da is a tensor.
Show that, acting on arbitrary vector fields X, Y, we have

da(X,Y) = Ly (a(Y)) - Ly (a(X)) — a([X, Y.

(Note that this allows us to define the exterior derivative of a one-form in terms of
the Lie derivative.) Also, show that for arbitrary vector fields X, Y, we have

(Lxa) (Y) = da(X,Y) + Y (X)) .

Recall that if f is a function, then df = 8;fdx'. Show that d(df) = 0, and

Lx(df) =d(Lxf) .
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