Ubungen zur Vorlesung Relativitiitstheorie und Kosmologie IT: Problem Sheet 15

1 Suppose that the spatial volume of a closed, matter dominated, FRW universe is
10">Mpc?® at the moment of maximum expansion. What is the duration of this
universe from big bang to big crunch in years?

2 Recall that for FRW models with any combination of matter and radiation and with
non-positive cosmological constant the scale factor R is a concave function of 7 (i.e.
2 . .
% < 0). Assuming that R(f) ~ t as t — 0, deduce from this that 1/H(t) > t for
t>0.

3 Given a Lorentzian metric g, we define the Einstein—Hilbert action to be the integral
of the scalar curvature of the metric over the manifold

SEH[g]:fRdVgEfR\/—detgd”x.
M M

We wish to find critical points of this action when we consider varying the metric
g. As such, we consider a one-parameter family of metrics, g(¢), with g(0) = g, and
define the derivative

hap =

d
tga,B(t)

d -0

Our aim is to calculate d%S EH[g(t)]L:O.

i.  Defining g*(z) such that g/ (1)gs, (1) = 6 show that

d
= o8
78 ()

= _gayhyégﬁé-

t=0
ii.  Show that

% V= detg(®)

iii.  Using the formula for the Christoffel symbols of the metric g(¢), show that

1
=5V det g g% hop.

=0

. d 1
[y = =T [e0]] = 58" |Vahys + Vyhgs — Vol |
dt =0 2

[Hint: it is best to use a coordinate system around the point p such that
the derivatives of the metric vanish at p, and to notice that I, is a tensor

(why?).]
iv.  Finally, using the formula

Rop = 0,170 — 0,17 5 + rgéréaﬁ —I7.I0,
deduce that

d . .
_Raﬁ[g(t)] = Vyryafﬁ - VCIFYV,B
dl' =0
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[Hint: use again a coordinate system around p such that the derivatives of the
metric vanish at p.] and, therefore, that

d
g d—Raﬁ[g(f)]' =V,V,
t =0

where V is the vector field with components
) . 1
VY = g“ﬁfyaﬁ - gYﬁF“aﬁ = Egafﬁg}'é [Vﬁhmg + Va/h'g(; - 2V(5haﬁ] .

Noting that R[g(1)] = g*P(1)R,sl[g(1)], show that

d
—S eulg(®)]

1
= f (—R“'B[g]+—R[g]gaﬂ)haﬂdvg+ f v, vV’ dv,.
dt =0 M 2 M

Using Stokes’s theorem, deduce that the variation of the Einstein—Hilbert action
takes the form

d
ES enlg(D]

= f G [glhag dV.
M

A critical point of the Einstein—Hilbert action is a metric g for which %S enlg(®)] |z:o
0 for all compactly supported perturbations g(¢) with g(0) = g. Deduce from the
previous formula that such a critical point of the action is necessarily a solution of
the vacuum Einstein equations.

t=0
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