
Übungen zur Vorlesung Relativitätstheorie und Kosmologie II: Problem Sheet 6

1 Alice circles planet X freely for a long time on a circular orbit of radius R, while her
twin Bob remains motionless on the surface of the planet, at radius r0. For r ≥ r0 the
geometry of the gravitational field of the planet X is described by the Schwarzschild
metric with mass 0 < m < r0/2. Derive a necessary and sufficient condition on R
which guarantees that, on meeting Bob again, Alice will have the same age as Bob.
You should assume that the time of travel back and forth from radius R to radius r0

can be neglected compared to the time that Alice spent on the circular orbit.

2 i. Prove that
∇µ∇µ f =

1√
| det gαβ|

∂µ

(√
| det gαβ|gµν∂ν f

)
.

ii. Show that, for weak gravitation fields gµν = ηµν + hµν, with hµν appropriately
small, the wave coordinates condition

∇µ∇µxα = 0

approximately reads

∂µhµν =
1
2
∂ν(hαα) ,

where hαβ = ηαγhγβ.

3 Let hαβ = Aαβ cos(kµxµ) be a linearized gravitational wave in TT gauge. Show that

Rαβγδkδ = 0 .
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