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Chapter 1

Introductory material

1.1 Synopsis (from the course web page, from

URL https://www.maths.ox.ac.uk/node/4068

1.1.1 Recommended Prerequisites

B7.2a Relativity and Electromagnetism.

1.1.2 Aims & Objectives

The course is intended as an elementary introduction to general relativity, its ba-
sic physical concepts of its observational implications, and the new insights that
it provides into the nature of space time, and the structure of the universe. Fa-
miliarity with special relativity and electromagnetism as covered in the B7 course
will be assumed. The lectures will review Newtonian gravitation, tensor calculus
and continuum physics in special relativity, physics in curved space time and the
Einstein field equations. This will suffice for an account of simple applications to
planetary motion, the bending of light and the existence of black holes.

This course starts by asking how the theory of gravitation can be made con-
sistent with the special-relativistic framework. Physical considerations (the prin-
ciple of equivalence, general covariance) are used to motivate and illustrate the
mathematical machinery of tensor calculus. The technical development is kept
as elementary as possible, emphasising the use of local inertial frames. A similar
elementary motivation is given for Einstein’s equations and the Schwarzschild so-
lution. Orbits in the Schwarzschild solution are given a unified treatment which
allows a simple account of the three classical tests of Einstein’s theory. Finally,
the analysis of extensions of the Schwarzschild solution show how the theory of
black holes emerges and exposes the radical consequences of Einstein’s theory for
space-time structure. Cosmological solutions are not discussed.
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1.1.3 Learning Outcomes

Students will have developed a knowledge and appreciation of the ideas and
concepts described above.

1.1.4 Synopsis

Review of Newtonian gravitation theory and problems of constructing a rela-
tivistic generalisation. Review of Special Relativity. The equivalence principle.
Tensor formulation of special relativity (including general particle motion, tensor
form of Maxwell’s equations and the energy momentum-tensor of dust). Curved
space time. Local inertial coordinates. General coordinate transformations, el-
ements of Riemannian geometry (including connections, curvature and geodesic
deviation). Mathematical formulation of General Relativity, Einstein’s equations
(properties of the energy-momentum tensor will be needed in the case of dust
only). The Schwarzschild solution; planetary motion, the bending of light, and
black holes.

1.1.5 Reading List

1. L.P. Hughston and K.P. Tod, An Introduction to General Relativity, LMS
Student Text 5, CUP (1990), Chapters 1-18.

2. N.M.J. Woodhouse, Notes on Special Relativity, (Mathematical Institute
Notes. Revised edition; published in a revised form as Special Relativity, Lecture
notes in Physics m6, Springer Verlag, (1992), Chs 1-7

Further Reading
1. B. Schutz, A First Course in General Relativity, CUP (1990).
2. R.M. Wald, General Relativity, Chicago (1984).
3. W. Rindler, Essential Relativity, Springer Verlag, 2nd edition (1990).

1.2 Lectures 1-2

see Woodhouse [9], Chapters 1-2
You are expected to study, and master, both what has been covered in the

lectures, and that relevant part of the material in Woodhouse’s book which has
not.

See also the excellent entry in Wikipedia on the Principle of Equivalence,
URL http://en.wikipedia.org/wiki/Principle_of_equivalence
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1.3 Warning

Whatever follows are very rough notes, hardly proofread. All civilised and con-
structive comments about typos, mistakes, etc., are welcome.
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Chapter 2

Introduction to tensor calculus

2.1 Some reminders: Minkowski space-time

A quadratic form is a homogeneous quadratic polynomial on a vector space, say
V . So, in finite dimension n, if X ∈ V is decomposed as X iei in a basis ei,
i = 1, . . . , n, then a quadratic form Q can be uniquely represented as

Q(X) =

n∑

i=1

QijX
iXj ,

for a collection of numbers Qij . Note that the antisymmetric part of Qij , if any,
would give zero contribution to the sum, and therefore without loss of generality
we can assume that Qij is symmetric:

Qij = Qji .

It is known that every quadratic form can be written as a sum of squares, with
coefficients ±1. We say that the signature is (p, q) if there exists a representation
with p pluses and q minuses. The signature is sometimes also written as

(+, . . . ,+︸ ︷︷ ︸
p times

,−, . . . ,−︸ ︷︷ ︸
q times

) .

The (n+1)-dimensional Minkowski space-time is the vector space Rn+1 equipped
with a quadratic form η with signature (1, n), equivalently (+,−, . . . ,−). Points
x ∈ R

n+1 will often be written as (t, ~x).

By the Sylvester inertia theorem the signature is coordinate-independent, and
(as already pointed out), there exists a choice of coordinates xµ, called inertial
coordinates, so that •2.1.1 •2.1.1: This is the

familiar special
relativistic “line
element”, using
units in which the
speed of light c
equals 1!!!

η(x, y) = x0y0 − x1y1 − . . .− xnyn . (2.1.1)
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or
η(x, x) = x0x0 − x1x1 − . . .− xnxn . (2.1.2)

(Here he have implicitly used the obvious one-to-one correspondence between
quadratic forms, such as the right-hand-side of (2.1.2), with bilinear forms, such
as the right-hand-side of (2.1.1)). One also writes η = (ηµν), representing η by a
(n+ 1)× (n+ 1) matrix

(ηµν) =




1 0 · · · 0
0 −1 · · · 0
... 0

. . . 0
0 . . . 0 −1


 ,

so
η(x, y) = ηµνx

µyν .

Here we are using the summation convention, which means that repeated indices,
one in subscript and one in superscript position, have to be summed over. For
example, if greek indices are assumed to run from 0 to n, then (2.1.3) below
means

xµ = Lµ
0x̃

0 + Lµ
1x̃

1 + . . .+ Lµ
nx̃

n .

A vector X is called timelike if η(X,X) > 0, null if X 6= 0 and η(X,X) = 0,
spacelike if η(X,X) < 0. An example of a null vector is given by the vector with
components (1, 1, 0, 0) (in a coordinate system in which η takes the form (2.1.2)).

We write R
1,n for

R
1,n = (Rn+1, η) .

The coordinates in which η takes the form (2.1.1) are called inertial, or non-
accelerating. Two such coordinate systems xµ and x̃µ differ by a Lorentz trans-
formation:

xµ = Lµ
ν x̃

ν , (2.1.3)

where L = (Lµ
ν) is a Lorentz matrix.

A useful result about inertial coordinates is the following: given any timelike
vector T = (T µ), there exists an inertial frame in which the T has components
(t, 0, . . . , 0), for some t ∈ R

∗. (There are in fact many such frames, differening
from each other by a rotation, possibly composed with a parity transformation
and/or a time reversal.) This is proved by a Gram-Schmidt orthogonalisation,
using a basis in which T is the first basis vector.

By definition, Lorentz matrices are those matrices which preserve the quadratic
form η; in matrix notation:

ηµν = ηαβL
α
µL

β
ν = Lα

µηαβL
β
ν︸ ︷︷ ︸

LtηL

,

This implies detL = ±1.
Examples are:

7



1. a boost along the x-axis

L = (Lµ
ν) =




γ γu 0 0
γu γ 0 0
0 0 1 0
0 0 0 1


 , |u| < 1 , γ =

1

1− u2

2. rotations in space: t = t̃, ~x = R~̃x, R – rotation matrix

3. time reversal: t = −t̃, ~x = ~̃x,

4. space inversion: t = t̃, ~x = −~̃x,

Theorem 2.1.1 Every Lorentz transformation is a composition of a number of
the transformations above.

Definition 2.1.2 Poincaré transformations are compositions of Lorentz trans-
formations and translations.

•2.1.2 We shall soon be using the symbol η for the following object: •2.1.2: smaller
font paragraphs,
such as this one,
can (and should)
be safely ignored
during a first
reading, and are
not examinable

η = dt2 − (dx1)2 − . . .− (dxn)2 , (2.1.4)

which means something closely related to (2.1.2), but not quite the same thing. In
(2.1.2) η is a quadratic form on R

n+1, while η in (2.1.4) is a field of quadratic forms

on R
n+1: this means that at each point x ∈ R

n+1, η is a quadratic form on the
“tangent space TxR

n+1”: this is the collection of all vectors tangent to R
+1 at the

point x. This last space is linearly isomorphic to R
n+1, with the “tangent bundle”

TRn+1 := ∪x∈Rn+1TxR
n+1 being diffeomorphic to R

2(n+1); we will return to this
shortly, see Section 2.2.2.

2.1.1 Electromagnetic fields

In everyday experience, the electromagnetic field is thought of as two vector
fields, ~E and ~B. If there are no sources, ~E and ~B satisfy the following sourceless
Maxwell equations:

∇ · ~E = 0 , ∇ · ~B = 0 , (2.1.5)

µ0ǫ0︸︷︷︸
=1

∂ ~E

∂t
= ∇∧ ~B ,

∂ ~B

∂t
= −∇ ∧ ~E , (2.1.6)

Lorentz discovered his group by studying the invariance properties of those
equations under linear coordinate transformations.
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The bottom-line of his calculation is, that if you form an anti-symmetric
matrix F , called the Maxwell tensor, as follows:

F = (F µν) =




0 −E1 −E2 −E3

E1 0 −B3 B2

E2 B3 0 −B1

E3 −B2 B1 0


 ,

then F transforms as

F = LF̃Lt ⇐⇒ F µν = Lµ
αF̃

αβLν
β

In fact, Lorentz proved:

Theorem 2.1.3 The Maxwell equations are preserved by linear transformations
of coordinates and of ~E and ~B if and only if the above transformation laws hold,
where Λ is the matrix of a Lorentz transformation.

Let ǫijk be the three-dimensional alternating symbol, this means that: ǫ123 = 1, and
ǫijk = −ǫjik = −ǫjki; you should check that these equations define all components
of ǫijk uniquely. Then we have (please check as well!)

Fij = ǫijkB
k ,

keeping in mind that Fµν is obtained from Fµν by raising indices:

Fµν = ηµαηνβFαβ ,

and that, for consistency, Bi = −Bi, Ei = −Ei.

Exercice 2.1.4 Relate the set of equations

∂µF
µν = 0

to the Maxwell equations (2.1.5)-(2.1.6).

2.2 Introduction to tensor calculus

We have seen so far at least two objects with rather different behavior under
changes of inertial frames — the frames themselves, and the Maxwell tensor F .
It makes sense to try to systematise all this. •2.2.1 •2.2.1: In addition

to the current
notes on the
introduction to
tensor calculus,
you should study
the relevant parts
of Woodhouse’s
book.
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2.2.1 Scalar functions

Under a change of coordinates xi → yj(xi) a scalar function f simply changes
using composition; so to a function f(x) we associate a new function

f̄(y) = f(x(y)) .

In general relativity it is a common abuse of notation to write the same symbol f
for what we wrote f̄ , when we think that this is the same function but expressed in
a different coordinate system. In this section, to make things clearer, we will make
this notational distinction, but this will almost never be done in the remainder
of the lectures. For example we will systematically use the same symbol gµν for
the metric components, whatever the coordinate system used.

2.2.2 Vector fields

The notion of a vector field finds its roots in the notion of tangents to a curve,
say s→ γ(s).

If we use local coordinates to write γ(s) as (γ1(s), γ2(s), . . . , γn(s)), the tan-
gent to that curve at the point γ(s) is defined as the set of numbers

(γ̇1(s), γ̇2(s), . . . , γ̇n(s)) ,

where a dot denotes a derivative with respect to s.
Consider a curve γ(s) given in a coordinate system xi and let us perform a

change of coordinates xi → yj(xi). In the new coordinates yj the curve γ is
represented by the functions yj(γi(s)), with new tangent

dyj

ds
=
∑

i

∂yj

∂xi
γ̇i

This formula defines what is called the transformation law of vectors : given a
point x = (xi) and a set of numbers X = (X i), the set (X i) is called a vector at
x if, under a change of coordinates xi → yj(xi) the set (X i) transforms as

X i(x)→ X̄j(y(x)) =
∑

i

∂yj

∂xi
(x)X i(x) , (2.2.1)

so that finally

X̄j(y) =
∑

i

∂yj

∂xi
(x(y))X i(x(y)) , (2.2.2)

A very convenient way of representing vectors is using first order homogeneous
differential operators. So, consider a vector field represented in a coordinate
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system xi by a set of functions (X i), which transform using the transformation
rule (2.2.1) under coordinate changes. Define the following differential operator

X := X1 ∂

∂x1
+ . . .+Xn ∂

∂xn
.

The point is that the transformation rule (2.2.1) becomes implicit in the notation.
Indeed, consider a function f , so that the differential operator X acts on f by
differentiation:

X(f)(x) :=
∑

i

X i∂f(x)

∂xi
. (2.2.3)

If we make a coordinate change so that

xj = xj(yk) ⇐⇒ yk = yk(xj) ,

keeping in mind that

f̄(y) = f(x(y)) ⇐⇒ f(x) = f̄(y(x)) ,

then

X(f)(x) :=
∑

i

X i(x)
∂f(x)

∂xi

=
∑

i

X i(x)
∂f̄ (y(x))

∂xi

=
∑

i,k

X i(x)
∂f̄ (y(x))

∂yk
∂yk

∂xi
(x)

=
∑

k

X̄k(y(x))
∂f̄(y(x))

∂yk

=

(
∑

k

X̄k ∂f̄

∂yk

)
(y(x)) ,

with X̄k given by (2.2.1). So

X(f) is a scalar iff the coefficients X i satisfy the transformation law of a vector.

Exercice 2.2.1 Check that this is a necessary and sufficient condition.

From now on the summation convention will be used systematically,
so that the summation symbol will be omitted whenever in a formula
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two identical indices occur, one up and one down, unless explicitly
stated otherwise.

We will often use the middle formula in the above calculation in the form

∂

∂xi
=
∂yk

∂xi
∂

∂yk
. (2.2.4)

Note that the tangent to the curve s→ (s, x2, x3, . . . xn), where (x2, x3, . . . xn)
are constants, is identified with the differential operator

∂1 ≡
∂

∂x1

Similarly the tangent to the curve s→ (x1, s, x3, . . . xn), where (x1, x3, . . . xn)
are constants, is identified with

∂2 ≡
∂

∂x2

and then γ̇ is identified with

γ̇(s) = γ̇i∂i

2.2.3 Covectors

Covectors are linear maps on the space of vectors.
The basic object is the coordinate differential dxi, defined by its action on

vectors as follows:
dxi(Xj∂j) := X i . (2.2.5)

Equivalently,

dxi(∂j) := δij :=

{
1, i = j;
0, otherwise.

The dxi’s form a basis for the space of covectors: indeed, let ϕ be a linear map
on the space of vectors, then

ϕ( X︸︷︷︸
Xi∂i

) = ϕ(X i∂i) =︸︷︷︸
linearity

X i ϕ(∂i)︸ ︷︷ ︸
call this ϕi

= ϕidx
i(X) =︸︷︷︸

def. of sum of functions

(ϕidx
i)(X) ,

hence
ϕ = ϕidx

i ,

and every ϕ can indeed be written as a linear combination of the dxi’s. Under a
change of coordinates we have

ϕ̄iX̄
i = ϕ̄i

∂yi

∂xk
Xk = ϕkX

k ,
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leading to the following transformation law for components of covectors:

ϕk = ϕ̄i
∂yi

∂xk
, (2.2.6)

Given a scalar f , we define its differential df as

df =
∂f

∂x1
dx1 + . . .+

∂f

∂xn
dxn .

With this definition, dxi is the differential of the coordinate function xi.

As presented above, the differential of a function is a covector by definition.
As an exercice, you should check directly that the collection of functions ϕi := ∂if
satisfies the transformation rule (2.2.6).

We have a formula which is often used in calculations

dyj =
∂yj

∂xk
dxk .

An elegant approach to the definition of differentials proceeds as follows: Given
any function f , we define:

df(X) := X(f) . (2.2.7)

(Recall that here we are viewing a vector field X as a differential operator on func-
tions, defined by (2.2.3).) The map X 7→ df(X) is linear under addition of vectors,
and multiplication of vectors by numbers: if λ, µ are real numbers, and X and Y
are vector fields, then

df(λX + µY ) =︸︷︷︸
by definition (2.2.7)

(λX + µY )(f)

=︸︷︷︸
by definition (2.2.3)

λXi∂if + µY i∂if

=︸︷︷︸
by definition (2.2.7)

λdf(X) + µdf(Y ) .

Applying (2.2.7) to the function f = xi we obtain

dxi(∂j) =
∂xi

∂xj
= δij ,

recovering (2.2.5).

Example 2.2.2 Let (ρ, ϕ) be polar coordinates on R
2, thus x = ρ cosϕ, y =

ρ sinϕ, and then

dx = d(ρ cosϕ) = cosϕdρ− ρ sinϕdϕ ,
dy = d(ρ sinϕ) = sinϕdρ+ ρ cosϕdϕ .
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At any given point p of a manifold M the set of vectors forms a vector space,
denoted by TpM . The collection of all the tangent spaces is called the tangent
bundle to M , denoted by TM .

Similarly, at any given point p ∈M the set of covectors forms a vector space,
denoted by T ∗

pM . The collection of all the tangent spaces is called the cotangent
bundle to M , denoted by T ∗M .

2.2.4 Bilinear maps, two-covariant tensors

A map is said to be multi-linear if it is linear in every entry; e.g. g is bilinear if

g(aX + bY, Z) = ag(X,Z) + bg(Y, Z) ,

and
g(X, aZ + bW ) = ag(X,Z) + bg(X,W ) .

A map g which is bilinear on the space of vectors can be represented by a matrix
with two indices down:

g(X, Y ) = g(X i∂i, Y
j∂j) = X iY j g(∂i, ∂j)︸ ︷︷ ︸

=:gij

= gijdx
i(X)dxj(Y )

We say that g is a covariant tensor of valence two.

We say that g is symmetric if g(X, Y ) = g(Y,X) for all X , Y ; equivalently,
gij = gji.

A symmetric bilinear tensor field is said to be non-degenerate if det gij has no
zeros.

By Sylvester’s inertia theorem, there exists a basis θi of the space of covectors
so that a symmetric bilinear map g can be written as

g(X, Y ) = θ1(X)θ1(Y )+. . .+θs(X)θs(Y )−θs+1(X)θs+1(Y )−. . .−θs+r(X)θs+r(Y )

(s, r) is called the signature of g; in geometry, unless specifically said otherwise,
one always assumed that the signature does not change from point to point.

If s = n, in dimension n, then g is said to be a Riemannian metric tensor.

A canonical example is provided by the flat Riemannian metric on R
n is

g = (dx1)2 + . . .+ (dxn)2 .

By definition, a Riemannian metric is a field of symmetric two-covariant ten-
sors with signature (+, . . . ,+) and with det gij without zeros.
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A Riemannian metric can be used to define the length of curves: if γ : [a, b] ∋ s→
γ(s), then

ℓg(γ) =

∫ b

a

√
g(γ̇, γ̇)ds .

One can then define the distance between points by minimizing the length of the
curves connecting them.

If s = 1 and r = N − 1, in dimension N , then g is said to be a Lorentzian
metric tensor.

For example, the Minkowski metric on R
1+n is

η = (dx0)2 − (dx1)2 − . . .− (dxn)2 .

2.2.5 Tensor products

If ϕ and θ are covectors, we can define a bilinear map using the formula

(ϕ⊗ θ)(X, Y ) = ϕ(X)θ(Y ) . (2.2.8)

For example
(dx1 ⊗ dx2)(X, Y ) = X1Y 2 .

Using this notation, if g is a bilinear map on vectors, then we have

g(X, Y ) = g(X i∂i, Y
j∂j) = g(∂i, ∂j)︸ ︷︷ ︸

=:gij

X i
︸︷︷︸
dxi(X)

Y j
︸︷︷︸
dxj(Y )︸ ︷︷ ︸

(dxi⊗dxj)(X,Y )

= (gijdx
i⊗dxj)(X, Y ) . (2.2.9)

We will write dxidxj for the symmetric product,

dxidxj :=
1

2
(dxi ⊗ dxj + dxj ⊗ dxi) ,

so that (2.2.9) is most of the time written as

g(X, Y ) = (gijdx
idxj)(X, Y ) ⇐⇒ g = gijdx

idxj .

This formula allows one to read-off, without even having to think, the transfor-
mation law of a metric tensor under coordinate changes:

gij(x) dxi︸︷︷︸
∂xi

∂yk
dyk

dxj︸︷︷︸
∂xj

∂yℓ
dyℓ

= gij(x)
∂xi

∂yk
∂xj

∂yℓ
dykdyℓ .

So, if we write ḡkℓ(y)dy
kdyℓ for the metric in the coordinates y, we have

ḡkl(y) = gij(x(y))
∂xi

∂yk
(y)

∂xj

∂yℓ
(y) .
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Example 2.2.3 Let (ρ, ϕ) be polar coordinates on R
2:

x = ρ cosϕ , y = ρ sinϕ .

We then have

dx = d(ρ cosϕ) = cosϕdρ− ρ sinϕdϕ , y = d(ρ sinϕ) = sinϕdρ+ ρ cosϕdϕ .

From this, we find that the Euclidean metric g = dx2+ dy2 on the plane can also
be written as

g = dx2 + dy2 = (cosϕdρ− ρ sinϕdϕ)2 + (sinϕdρ+ ρ cosϕdϕ)2

= dρ2 + ρ2 sin2 ϕdϕ2 ,

Recall that, by definition, a Lorentzian metric is a symmetric two-covariant tensor
field with signature (+,−, . . . ,−). This implies that the determinant det gµν of
the matrix gµν representing g in some coordinate system is strictly negative; given a
symmetric bilinear tensor, calculating this determinant provides a good hint whether
or not this might be a Lorentzian metric.

One writes dxi ∧ dxj for the anti-symmetric tensor product:

dxi ∧ dxj := 1

2
(dxi ⊗ dxj − dxj ⊗ dxi) .

It should be clear how this generalises: the tensors dxi ⊗ dxj ⊗ dxk, defined
as

(dxi ⊗ dxj ⊗ dxk)(X, Y, Z) = X iY jZk ,

form a basis for three-linear maps on the space of vectors. In other words, in
local coordinates, every three-linear map X can be written in the form

X = Xijkdx
i ⊗ dxj ⊗ dxk .

Here X is a tensor of valence (0, 3). Each index leads to a transformation factor
as in a covector:

X = Xijkdx
i ⊗ dxj ⊗ dxk = Xijk

∂xi

∂ym
∂xj

∂yℓ
∂xk

∂yn
dym ⊗ dyℓ ⊗ dyn .

It is sometimes useful to think of vectors as linear maps on co-vectors, using
a formula which looks funny when first met: if θ is a covector, and X is a vector,
then

X(θ) := θ(X)

(the right-hand-side is the value of θ on X , so this formula defines the left-hand-
side). So if θ = θidx

i and X = X i∂i then

θ(X) = θiX
i = X iθi = X(θ) .
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It then makes sense to define e.g. ∂i⊗ ∂j as a bilinear map on covectors: if θ and
ψ are covectors, then

(∂i ⊗ ∂j)(θ, ψ) := θiψj .

Here, as usual θi := θ(∂i), ψj := ψ(∂j).
Next, one can define a map ∂i ⊗ dxj which is linear on forms in the first slot,

and linear in vectors in the second slot as

(∂i ⊗ dxj)(θ,X) := ∂i(θ)dx
j(X) = θiX

j . (2.2.10)

The ∂i ⊗ dxj’s form the basis for the space of tensors of rank (1, 1), or valence
(1, 1); if T is such a tensor, then in local coordinates it can be written as

T = T i
j∂i ⊗ dxj .

Such a tensor transforms under coordinate changes in the obvious way:

T i
j ∂xi︸︷︷︸

∂yj

∂xi
∂
yj

⊗ dxj︸︷︷︸
∂xj

∂yk
dyk

= T i
j
∂yj

∂xi
∂xj

∂yk
∂yj ⊗ dyk .

Quite generally, a tensor of valence, or rank, (r, s) can be defined as an object
which has r vector indices and s covector indices, so that it transforms as

Si1...ir
j1...js → Sm1...mr

ℓ1...ℓs

∂yi1

∂xm1
. . .

∂yis

∂xmr

∂xℓ1

∂yj1
. . .

∂xℓs

∂yjs

For example, if X i and Y j are vectors, then X iY j forms a contravariant tensor
of valence two.

Tensors of the same valence can be added in the obvious way: e.g.

(A +B)(X, Y ) := A(X, Y ) +B(X, Y ) ⇐⇒ (A+B)ij = Aij +Bij .

Tensors can be multiplied by scalars: e.g.

(fA)(X, Y, Z) := fA(X, Y, Z) ⇐⇒ f(Aijk) := (fAijk) .

Finally, we have seen in (2.2.8) how to take tensor products for one forms, and
in (2.2.10) how to take a tensor product of a vector and a one form, but this can
also be done for higher order tensors: e.g., if S is of valence (a, b) and T is a
multilinear map of valence (c, d) (not to be confused with the signature!), then
S ⊗ T is a multilinear map of valence (a+ c, b+ d), defined as

(S ⊗ T )(θ, . . .︸ ︷︷ ︸
a covectors and b vectors

, ψ, . . .︸ ︷︷ ︸
c covectors and d vectors

) := S(θ, . . .)T (ψ, . . .) .

A rather shorter way of saying what we said so far about tensor products, which
includes all the cases we treated separately, is: suppose that V and W are vector
spaces, and let α be a p-linear map on V , and β be a q-linear map on W , then, for
X1, . . . ,Xp ∈ V and Y1, . . . , Yq ∈W , one defines

(α⊗ β)(X1, . . . ,Xp, Y1, . . . , Yq) := α(X1, . . . ,Xp)β(Y1, . . . , Yq) .
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Contractions

The simplest example of the contraction applies to tensor fields Si
j with one

index down and one index up. One can then perform the sum

Si
i .

This turns out to be a scalar; indeed, under changes of coordinates,

Si
j → S̄ℓ

k = Si
j
∂xj

∂yk
∂yℓ

∂xi

and

S̄ℓ
ℓ = Si

j
∂xj

∂yℓ
∂yℓ

∂xi︸ ︷︷ ︸
δji

= Si
i

One can similarly do contractions on higher valence tensors, e.g.

Si1i2...ir
j1j2j3...js → Sℓi2...ir

j1ℓj3...js

After contraction, a tensor of rank (r + 1, s+ 1) becomes of rank (r, s).

2.2.6 Raising and lowering of indices
•2.2.2 Let g be a symmetric two-covariant tensor field on M , by definition such •2.2.2: this is the

right way of
looking at the
raising and
lowering of
indices, for those
who are
interested. The
approach described
in this section is
not examinable,
you are only
supposed to know
formulae such as
(2.2.12), or its
inverse, the boxed
equation in
(2.2.13)

an object is the assignment to each point p ∈ M of a bilinear map g(p) from
TpM × TpM to R, with the additional property

g(X, Y ) = g(Y,X) .

In this work the symbol g will be reserved to non-degenerate symmetric two-
covariant tensor fields. It is usual to simply write g for g(p), the point p being
implicitly understood. We will sometimes write gp for g(p) when referencing p.

The usual Sylvester’s inertia theorem tells us that at each p the map g will
have a well defined signature; clearly this signature will be point-independent on
a connected manifold when g is non-degenerate. A pair (M, g) is said to be a
Riemannian manifold when the signature of g is (dimM, 0); equivalently, when g
is a positive definite bilinear form on every product TpM×TpM . A pair (M, g) is
said to be a Lorentzian manifold when the signature of g is (dimM − 1, 1). One
talks about pseudo-Riemannian manifolds whatever the signature of g, as long
as g is non-degenerate, but we will only encounter Riemannian and Lorentzian
metrics in this work.

Any pseudo-Riemannian g induces an isomorphism

♭ : TpM → T ∗
pM
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by the formula

X♭(Y ) = g(X, Y ) .

In local coordinates this gives

X♭ = gijX
idxj =: Xjdx

j . (2.2.11)

This last equality defines Xj — “the vector Xj with the index j lowered”:

Xi := gijX
j . (2.2.12)

The operation (2.2.12) is called the lowering of indices in the physics literature
and, again in the physics literature, one does not make a distinction between the
one-form X♭ and the vector X .

The inverse map is often denoted by ♯ and is called the raising of indices ;
from (2.2.11) we obviously have

α♯ = gijαi∂j =: αi∂i ⇐⇒ dxi(α♯) = αi = gijαj , (2.2.13)

where (gij) is the matrix inverse to (gij). For example,

(dxi)♯ = gik∂k .

Clearly (gij), understood as the matrix of a bilinear map on T ∗
pM , has the same

signature as g, and can be used to define a scalar product g♯ on T ∗
p (M):

g♯(α, β) := g(α♯, β♯) ⇐⇒ g♯(dxi, dxj) = gij .

This last equality is justified as follows:

g♯(dxi, dxj) = g((dxi)♯, (dxj)♯) = g(gik∂k, g
jℓ∂ℓ) = gikgkℓ︸ ︷︷ ︸

=δiℓ

gjℓ = gji = gij .

It is convenient to use the same letter g for g♯ — physicists do it all the time —
or for scalar products induced by g on all the remaining tensor bundles, and we
will often do so.

One might wish to check by direct calculations that gµνX
ν transforms as a one-

form if Xµ transforms as a vector. The simplest way is to notice that gµνX
ν is a

contraction, over the last two indices, of the three-index tensor gµνX
α. Hence it is

a one-form by the analysis at the end of the previous section. Alternatively, if we
write ḡµν for the transformed gµν ’s, and X̄α for the transformed Xα’s, then

ḡαβ︸︷︷︸
gµν

∂xµ

∂yα
∂xν

∂yβ

X̄β = gµν
∂xµ

∂yα
∂xν

∂yβ
X̄β

︸ ︷︷ ︸
Xν

= gµνX
ν ∂x

µ

∂yα
,

which is indeed the transformation law of a covector.
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2.3 Covariant derivatives

When dealing with R
n, or subsets thereof, there exists an obvious prescription

for how to differentiate tensor fields: in this case we have at our disposal the
canonical “trivialization {∂i}i=1,...,n of TRn” (this means: a globally defined set
of vectors which, at every point, form a basis of the tangent space), together with
its dual trivialization {dxj}i=1,...,n of T ∗

R
n. We can expand a tensor field T of

valence (k, ℓ) in terms of those bases,

T = T i1...ik
j1...jℓ∂i1 ⊗ . . .⊗ ∂ik ⊗ dxj1 ⊗ . . .⊗ dxjℓ

⇐⇒ T i1...ik
j1...jℓ = T (dxi1, . . . , dxik , ∂j1 , . . . , ∂jℓ) , (2.3.1)

and differentiate each component T i1...ik
j1...jℓ of T separately:

X(T )in the coordinate system xi := X i∂xi(T i1...ik
j1...jℓ)∂xi1⊗. . .⊗∂xik⊗dxj1⊗. . .⊗dxjℓ .

(2.3.2)
The resulting object does, however, not behave as a tensor under coordinate
transformations, in the sense that the above form of the right-hand-side will not
be preserved under coordinate transformations: as an example, consider the one-
form T = dx on R

n, which has vanishing derivative as defined by (2.3.2). When
expressed in spherical coordinates we have

T = d(ρ cosϕ) = −ρ sinϕdϕ+ cosϕdρ ,

the partial derivatives of which are non-zero (both with respect to the original
cartesian coordinates (x, y) and to the new spherical ones (ρ, ϕ)). The notion of
a covariant derivative, sometimes also referred to as a connection, is introduced
precisely to obtain a notion of derivative which has tensorial properties. By
definition, a covariant derivative is a map which to a vector field X and a tensor
field T assigns a tensor field of the same type as T , denoted by ∇XT , with the
following properties:

1. ∇XT is linear with respect to addition both with respect to X and T :

∇X+Y T = ∇XT +∇Y T , ∇X(T + Y ) = ∇XT +∇XY ; (2.3.3)

2. ∇XT is linear with respect to multiplication of X by functions f ,

∇fXT = f∇XT ; (2.3.4)

3. and, finally, ∇XT satisfies the Leibniz rule under multiplication of T by a
differentiable function f :

∇X(fT ) = f∇XT +X(f)T . (2.3.5)
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It is natural to ask whether covariant derivatives do exist at all in general and,
if so, how many of them can there be. First, it immediately follows from the
axioms above that if D and ∇ are two covariant derivatives, then

∆(X, T ) := DXT −∇XT

is multi-linear both with respect to addition and multiplication by functions —
the non-homogeneous terms X(f)T in (2.3.5) cancel — and is thus a tensor field.
Reciprocally, if D is a covariant derivative and ∆(X, T ) is bilinear with respect
to addition and multiplication by functions, then

∇XT := DXT +∆(X, T ) (2.3.6)

is a new covariant derivative. So, at least locally, on tensors of valence (r, s) there
are as many covariant derivatives as tensors of valence (r + s, r + s+ 1).

Functions

The canonical covariant derivative on functions is defined as

∇X(f) = X(f) ,

and we will always use the above. This has all the right properties, so obviously
covariant derivatives of functions exist. From what has been said, any covariant
derivative on functions is of the form

∇Xf = X(f) + α(X)f , (2.3.7)

where α is a one-form. Conversely, given any one form α, (2.3.7) defines a co-
variant derivative on functions. The addition of the lower-order term α(X)f in
(2.3.7) does not appear to be very useful for functions, but it plays a role in a geo-
metric formulation of electrodynamics, or in geometric quantization. In any case
such lower-order terms play an essential role when defining covariant derivatives
for tensor fields.

Vectors

The simplest next possibility is that of a covariant derivative of vector fields. Let
us not worry about existence at this stage, but assume that a covariant derivative
exists, and work from there. (Anticipating, we will show shortly that any metric
defines a covariant derivative, called the Levi-Civita covariant derivative, which
is the unique covariant derivative operator satisfying a natural set of conditions,
to be discussed below.)

We will first assume that we are working on a set Ω ⊂ M over which we have
a global trivialization of the tangent bundle TM ; by definition, this means that
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there exist vector fields ea, a = 1, . . . , dimM , such that at every point p ∈ Ω the
fields ea(p) ∈ TpM form a basis of TpM .1 •2.3.1 •2.3.1: general

bases are not
examinable; you
are welcome to
work with them if
you wish, but for
the purposes of
this course you
can think of {ea}
as being just
another way of
writing {∂a}, if
you are more
comfortable with
that

Let θa denote the dual trivialization of T ∗M — by definition the θa’s satisfy

θa(eb) = δab .

Given a covariant derivative ∇ on vector fields we set

Γa
b(X) := θa(∇Xeb) ⇐⇒ ∇Xeb = Γa

b(X)ea , (2.3.8a)

Γa
bc := Γa

b(ec) = θa(∇eceb) ⇐⇒ ∇Xeb = Γa
bcX

cea . (2.3.8b)

The (locally defined) functions Γa
bc are called connection coefficients. If {ea} is

the coordinate basis {∂µ} we shall write

Γµ
αβ := dxµ(∇∂β∂α)

(
⇐⇒ ∇∂µ∂ν = Γσ

νµ∂σ

)
, (2.3.9)

etc. In this particular case the connection coefficients are usually called Christof-
fel symbols. We will sometimes write Γσ

νµ instead of Γσ
νµ; note that the latter

convention is more common. By using the Leibniz rule (2.3.5) we find

∇XY = ∇X(Y
aea)

= X(Y a)ea + Y a∇Xea

= X(Y a)ea + Y aΓb
a(X)eb

= (X(Y a) + Γa
b(X)Y b)ea

= (X(Y a) + Γa
bcY

bXc)ea , (2.3.10)

which gives various equivalent ways of writing ∇XY . The (perhaps only locally
defined) Γa

b’s are linear in X , and the collection (Γa
b)a,b=1,...,dimM is sometimes

referred to as the connection one-form.
We will often write ∇a for ∇ea.
The one-covariant, one-contravariant tensor field ∇Y is defined as

∇Y := ∇aY
bθa ⊗ eb ⇐⇒∇aY

b := θb(∇eaY )⇐⇒ ∇aY
b = ea(Y

b) + Γb
caY

c .

(2.3.11)
∇aY

b will sometimes be written as Y b
;a.

1This is the case when Ω is a coordinate patch with coordinates (xa), then the
{ea}a=1,...,dimM can be chosen to be equal to {∂a}a=1,...,dimM . Recall that a manifold is said
to be parallelizable if a basis of TM can be chosen globally over M — in such a case Ω can be
taken equal to M . We emphasize that we are not assuming that M is parallelizable, so that
equations such as (2.3.8) have only a local character in general.
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Transformation law

Consider a coordinate basis ∂xi , it is natural to enquire about the transformation
law of the connection coefficients Γi

jk under a change of coordinates xi → yk(xi).
To make things clear, let us write Γi

jk for the connection coefficients in the x–

coordinates, and Γ̂i
jk for the ones in the y–cordinates. We calculate:

Γi
jk := dxi

(
∇ ∂

∂xk

∂

∂xj

)

= dxi
(
∇ ∂

∂xk

∂yℓ

∂xj
∂

∂yℓ

)

= dxi
( ∂2yℓ

∂xk∂xj
∂

∂yℓ
+
∂yℓ

∂xj
∇ ∂

∂xk

∂

∂yℓ

)

=
∂xi

∂ys
dys
( ∂2yℓ

∂xk∂xj
∂

∂yℓ
+
∂yℓ

∂xj
∇ ∂yr

∂xk
∂

∂yr

∂

∂yℓ

)

=
∂xi

∂ys
dys
( ∂2yℓ

∂xk∂xj
∂

∂yℓ
+
∂yℓ

∂xj
∂yr

∂xk
∇ ∂

∂yr

∂

∂yℓ

)

=
∂xi

∂ys
∂2ys

∂xk∂xj
+
∂xi

∂ys
∂yℓ

∂xj
∂yr

∂xk
Γ̂s

ℓr . (2.3.12)

Summarising,

Γi
jk = Γ̂s

ℓr
∂xi

∂ys
∂yℓ

∂xj
∂yr

∂xk
+
∂xi

∂ys
∂2ys

∂xk∂xj
. (2.3.13)

Thus, the Γi
jk’s do not form a tensor; instead they transform as a tensor plus a

non-homogeneous term containing second derivatives, as seen above.

Torsion

Because the inhomogeneous term in (2.3.13) is symmetric under the interchange
of i and j, it follows from (2.3.13) that

T i
jk := Γi

kj − Γi
jk

does transform as a tensor, called the torsion tensor of ∇.

An index-free definition of torsion proceeds as follows: Let ∇ be a covariant deriva-
tive defined for vector fields, the torsion tensor T is defined by the formula

T (X,Y ) := ∇XY −∇YX − [X,Y ] , (2.3.14)

where [X,Y ] is the Lie bracket. We obviously have

T (X,Y ) = −T (Y,X) . (2.3.15)
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Let us check that T is actually a tensor field: multi-linearity with respect to addition
is obvious. To check what happens under multiplication by functions, in view of
(2.3.15) it is sufficient to do the calculation for the first slot of T . We then have

T (fX, Y ) = ∇fXY −∇Y (fX)− [fX, Y ]

= f

(
∇XY −∇Y X

)
− Y (f)X − [fX, Y ] . (2.3.16)

To work out the last commutator term we compute, for any function g,

[fX, Y ](g) = fX(Y (g)) − Y (fX(g))︸ ︷︷ ︸
=Y (f)X(g)+fY (X(g))

= f [X,Y ](g) − Y (f)X(g) ,

hence
[fX, Y ] = f [X,Y ]− Y (f)X , (2.3.17)

and the last term here cancels the undesirable second-to-last term in (2.3.16), as
required.

In a coordinate basis ∂µ we have [∂µ, ∂ν ] = 0 and one finds from (2.3.9)

Tµν := T (∂µ, ∂ν) = (Γσ
νµ − Γσ

µν)∂σ , (2.3.18)

which shows that — in coordinate frames — T is determined by twice the antisym-
metrization of the Γσ

µν ’s over the lower indices. In particular, as already noticed
by inspection of the transformation law for the Christoffel symbols, that last anti-
symmetrization produces a tensor field.

Covectors

Suppose that we are given a covariant derivative on vector fields, there is a natural
way of inducing a covariant derivative on one-forms by imposing the condition
that the duality operation be compatible with the Leibniz rule: given two vector
fields X and Y together with a field of one-forms α, one sets

(∇Xα)(Y ) := X(α(Y ))− α(∇XY ) . (2.3.19)

Let us, first, check that (2.3.19) indeed defines a field of one-forms. The linearity,
in the Y variable, with respect to addition is obvious. Next, for any function f
we have

(∇Xα)(fY ) = X(α(fY ))− α(∇X(fY ))

= X(f)α(Y ) + fX(α(Y ))− α(X(f)Y + f∇XY )

= f(∇Xα)(Y ) ,

as should be the case for one-forms. Further, we need to check that ∇ defined
by (2.3.19) does satisfy the remaining axioms imposed on covariant derivatives.
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Again multi-linearity with respect to addition is obvious, as well as linearity with
respect to multiplication of X by a function. Finally,

∇X(fα)(Y ) = X(fα(Y ))− fα(∇XY )

= X(f)α(Y ) + f(∇Xα)(Y ) ,

as desired.
The duality pairing

T ∗
pM × TpM ∋ (α,X)→ α(X) ∈ R

is sometimes called contraction. As already pointed out, the operation ∇ on one
forms has been defined in (2.3.19) so as to satisfy the Leibniz rule under duality
pairing :

X(α(Y )) = (∇Xα)(Y ) + α(∇XY ) ; (2.3.20)

this follows directly from (2.3.19). This should not be confused with the Leib-
niz rule under multiplication by functions, which is part of the definition of a
covariant derivative, and therefore always holds. It should be kept in mind that
(2.3.20) does not necessarily hold for all covariant derivatives: if v∇ is some co-
variant derivative on vectors, and f∇ is some covariant derivative on one-forms,
in general one will have

X(α(Y )) 6= (f∇X)α(Y ) + α(v∇XY ) .

Using the basis-expression (2.3.10) of∇XY and the definition (2.3.19) we have

∇Xα = Xa∇aαb θ
b ,

with

∇aαb := (∇eaα)(eb)

= ea(α(eb))− α(∇eaeb)

= ea(αb)− Γc
baαc .

Higher order tensors

It should now be clear how to extend ∇ to tensors of arbitrary valence: if T is r
covariant and s contravariant one sets

(∇XT )(X1, . . . , Xr, α1, . . . αs) := X
(
T (X1, . . . , Xr, α1, . . . αs)

)

−T (∇XX1, . . . , Xr, α1, . . . αs)− . . .− T (X1, . . . ,∇XXr, α1, . . . αs)

−T (X1, . . . , Xr,∇Xα1, . . . αs)− . . .− T (X1, . . . , Xr, α1, . . .∇Xαs) .

(2.3.21)
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The verification that this defines a covariant derivative proceeds in a way identical
to that for one-forms. In a basis we have

∇XT = Xa∇aTa1...ar
b1...bsθa1 ⊗ . . .⊗ θar ⊗ eb1 ⊗ . . .⊗ ebs ,

and (2.3.21) gives

∇aTa1...ar
b1...bs := (∇eaT )(ea1 , . . . , ear , θ

b1 , . . . , θbs)

= ea(Ta1...ar
b1...bs)− Γc

a1aTc...ar
b1...bs − . . .− Γc

araTa1...c
b1...bs

+Γb1
caTa1...ar

c...bs + . . .+ Γbs
caTa1...ar

b1...c . (2.3.22)

Carrying over the last two lines of (2.3.21) to the left-hand-side of that equation
one obtains the Leibniz rule for ∇ under pairings of tensors with vectors or
forms. It should be clear from (2.3.21) that ∇ defined by that equation is the
only covariant derivative which agrees with the original one on vectors, and which
satisfies the Leibniz rule under the pairing operation. We will only consider such
covariant derivatives in this work.

2.3.1 The Levi-Civita connection

One of the fundamental results in pseudo-Riemannian geometry is that of the
existence of a torsion-free connection which preserves the metric:

Theorem 2.3.1 Let g be a two-covariant symmetric non-degenerate tensor field
on a manifold M . Then there exists a unique connection ∇ such that

1. ∇g = 0,

2. the torsion tensor T of ∇ vanishes.

Proof: Using the definition of ∇igjk we have

0 = ∇igjk ≡ ∂igjk − Γℓ
jigℓk − Γℓ

kigℓj ; (2.3.23)

here we have written Γi
jk instead of Γi

jk, as is standard in the literature. We
rewrite this equation making cyclic permutations of indices, and changing the
overall sign:

0 = −∇jgki ≡ −∂jgki + Γℓ
kjgℓi + Γℓ

ijgℓk .

0 = −∇kgij ≡ −∂kgij + Γℓ
ikgℓj + Γℓ

jkgℓi .

Adding the three equations and using symmetry of Γk
ji in ij one obtains

0 = ∂igjk − ∂jgki − ∂kgij + 2Γℓ
jkgℓi ,

Multiplying by gim we obtain

Γm
jk = gmiΓℓ

jkgℓi =
1

2
gmi(∂igjk − ∂jgki − ∂kgij) . (2.3.24)
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This proves uniqueness.
It then remains to check that the insertion of Γm

jk, as given by (2.3.24), into
the right-hand-side of (2.3.23), indeed gives zero, proving existence.

Let us give a coordinate-free version of the above, which turns out to be much
messier: Suppose, first, that a connection satisfying the above is given. By the
Leibniz rule we then have for any vector fields X, Y and Z,

0 = (∇Xg)(Y,Z) = X(g(Y,Z)) − g(∇XY,Z)− g(Y,∇XZ) . (2.3.25)

One then rewrites the same equation applying cyclic permutations to X, Y , and Z,
with a minus sign for the last equation: •2.3.2 •2.3.2: If in the

next two equations
one takes X = ∂i,
Y = ∂j and
Z = ∂k, then
[∂i, ∂j ] = 0 so
many terms drop
out; the proof
using indices,
admittedly much
simpler, can be
found at the end
of the current
section

g(∇XY,Z) + g(Y,∇XZ) = X(g(Y,Z)) ,

g(∇Y Z,X) + g(Z,∇Y X) = Y (g(Z,X)) ,

−g(∇ZX,Y )− g(X,∇ZY ) = −Z(g(X,Y )) . (2.3.26)

As the torsion tensor vanishes, the sum of the left-hand-sides of these equations can
be manipulated as follows:

g(∇XY,Z) + g(Y,∇XZ) + g(∇Y Z,X) + g(Z,∇Y X)− g(∇ZX,Y )− g(X,∇ZY )

= g(∇XY +∇Y X,Z) + g(Y,∇XZ −∇ZX) + g(X,∇Y Z −∇ZY )

= g(2∇XY − [X,Y ], Z) + g(Y, [X,Z]) + g(X, [Y,Z])

= 2g(∇XY,Z)− g([X,Y ], Z) + g(Y, [X,Z]) + g(X, [Y,Z]) .

This shows that the sum of the three equations (2.3.26) can be rewritten as

2g(∇XY,Z) = g([X,Y ], Z)− g(Y, [X,Z]) − g(X, [Y,Z])

+X(g(Y,Z)) + Y (g(Z,X)) − Z(g(X,Y )) . (2.3.27)

Since Z is arbitrary and g is non-degenerate, the left-hand-side of this equation
determines the vector field ∇XY uniquely, and uniqueness of ∇ follows.

To prove existence, let S(X,Y )(Z) be defined as one half of the right-hand-side
of (2.3.27),

S(X,Y )(Z) =
1

2

(
X(g(Y,Z)) + Y (g(Z,X)) − Z(g(X,Y ))

+g(Z, [X,Y ])− g(Y, [X,Z]) − g(X, [Y,Z])
)
. (2.3.28)

Clearly S is linear with respect to addition in all fields involved. It is straightforward
to check that it is linear with respect to multiplication of Z by a function, and since
g is non-degenerate there exists a unique vector field W (X,Y ) such that

S(X,Y )(Z) = g(W (X,Y ), Z) .

One readily checks that the assignment

(X,Y )→ W (X,Y )
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satisfies all the requirements imposed on a covariant derivative ∇XY . With some
more work one checks that ∇X so defined is torsion free, and metric compatible. 2

Let us check that (2.3.27) reproduces (2.3.24): Consider (2.3.27) with X = ∂γ ,
Y = ∂β and Z = ∂σ,

2g(∇γ∂β , ∂σ) = 2g(Γρ
βγ∂ρ, ∂σ)

= 2gρσΓ
ρ
βγ

= ∂γgβσ + ∂βgγσ − ∂σgβγ (2.3.29)

Multiplying this equation by gασ/2 we then obtain

Γα
βγ = 1

2g
ασ{∂βgσγ + ∂γgσβ − ∂σgβγ} . (2.3.30)

2.3.2 Geodesics and Christoffel symbols

A geodesic can be defined as the stationary point of the action

I(γ) =
1

2

∫ b

a

g(γ̇, γ̇)(s)︸ ︷︷ ︸
=:L (γ,γ̇)

ds , (2.3.31)

where γ : [a, b]→M is a differentiable curve. Thus,

L (xµ, ẋν) =
1

2
gαβ(x

µ)ẋαẋβ .

One readily finds the Euler-Lagrange equations for this Lagrange function: •2.3.3

•2.3.3: a detailed
calculation can be
found in
Woodhouse’s book

d

ds

(
∂L

∂ẋµ

)
=
∂L

∂xµ
⇐⇒ d2xµ

ds2
+ Γµ

αβ
dxα

ds

dxβ

ds
= 0 . (2.3.32)

This gives a very convenient way of calculating the Christoffel symbols: given a
metric g, write down L , work out the Euler-Lagrange equations, and identify
the Christoffels as the coefficients of the first derivative terms in those equations.

(The Euler-Lagrange equations for (2.3.31) are identical with those of

Ĩ(γ) =

∫ b

a

√
|g(γ̇, γ̇)(s)|ds , (2.3.33)

but (2.3.31) is more convenient to work with. For example, L is differentiable
at points where γ̇ vanishes, while

√
|g(γ̇, γ̇)(s)| is not. The aesthetic advantage

of (2.3.33), of being reparameterization-invariant, is more than compensated by
the calculational convenience of L .)

Example 2.3.2 As an example, consider a metric of the form

g = dr2 + f(r)dϕ2 .

28



Special cases of this metric include the Euclidean metric on R
2 (then f(r) = r2),

and the canonical metric on a sphere (then f(r) = sin2 r, with r actually being the
polar angle θ). The Lagrangian (2.3.33) is thus

L =
1

2

(
ṙ2 + f(r)ϕ̇2

)
.

The Euler-Lagrange equations read

∂L

∂ϕ︸︷︷︸
0

=
d

ds

(
∂L

∂ϕ̇

)
=

d

ds
(f(r)ϕ̇) ,

so that

0 = fϕ̈+f ′ṙϕ̇ = f
(
ϕ̈+ Γϕ

ϕϕϕ̇
2 + 2Γϕ

rϕṙϕ̇+ Γϕ
r ṙ

2
)

=⇒ Γϕ
ϕϕ = Γϕ

rr = 0 , Γϕ
rϕ =

f ′

2f
.

Similarly
∂L

∂r︸︷︷︸
f ′ϕ̇2/2

=
d

ds

(
∂L

∂ṙ

)
= r̈ ,

so that

Γr
rϕ = Γr

rr = 0 , Γr
ϕϕ = −f ′

2
.

2.4 Local inertial coordinates

Proposition 2.4.1 1. Let g be a Lorentzian metric, for every p ∈ M there
exists a neighborhood thereof with a coordinate system such that gµν = ηµν =
diag(1,−1, · · · ,−1) at p.

2. If g is differentiable, then the coordinates can be further chosen so that

∂σgαβ = 0 (2.4.1)

at p.

Proof: 1. Let yµ be any coordinate system around p, shifting by a constant
vector we can assume that p corresponds to yµ = 0. Let ea = ea

µ∂/∂yµ be
any frame at p such that g(ea, eb) = ηab — such frames can be found by, e.g., a
Gram-Schmidt orthogonalisation. Calculating the determinant of both sides of
the equation

gµνea
µeb

ν = ηab

we obtain, at p,
det(gµν) det(ea

µ)2 = −1 ,
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which shows that det(ea
µ) is non-vanishing. It follows that the formula

yµ = eµax
a

defines a (linear) diffeomorphism. In the new coordinates we have, again at p,

g
( ∂

∂xa
,
∂

∂xb

)
= eµae

ν
bg
( ∂

∂yµ
,
∂

∂yν

)
= ηab . (2.4.2)

2. We will use (2.3.13), which uses latin indices, so let us switch to that
notation. Let xi be the coordinates described in point 1., recall that p lies at
the origin of those coordinates. The new coordinates x̂j will be implicitly defined
by the equations

xi = x̂i +
1

2
Ai

jkx̂
j x̂k ,

where Ai
jk is a set of constants, symmetric with respect to the interchange of j

and k. Recall (2.3.13),

Γ̂i
jk = Γs

ℓr
∂x̂i

∂xs
∂xℓ

∂x̂j
∂xr

∂x̂k
+
∂x̂i

∂xs
∂2xs

∂x̂k∂x̂j
; (2.4.3)

here we use Γ̂s
ℓr to denote the Christoffel symbols of the metric in the hatted

coordinates. Then, at xi = 0, this equation reads

Γ̂i
jk = Γs

ℓr
∂x̂i

∂xs︸︷︷︸
δis

∂xℓ

∂x̂j︸︷︷︸
δℓj

∂xr

∂x̂k︸︷︷︸
δrk

+
∂xi

∂xs︸︷︷︸
δis

∂2xs

∂x̂k∂x̂j︸ ︷︷ ︸
As

kj

= Γi
jk + Ai

k .

Choosing Ai
jk as −Γi

jk(0), the result follows.

If you do not like to remember formulae such as (2.3.13), proceed as follows: Let xµ

be the coordinates described in point 1. The new coordinates x̂α will be implicitly
defined by the equations

xµ = x̂µ +
1

2
Aµ

αβ x̂
αx̂β ,

where Aµ
αβ is a set of constants, symmetric with respect to the interchange of α

and β. Set

ĝαβ := g
( ∂

∂x̂α
,

∂

∂x̂β

)
, gαβ := g

( ∂

∂xα
,

∂

∂xβ

)
.

Recall the transformation law

ĝµν(x̂
σ) = gαβ(x

ρ(x̂σ))
∂xα

∂x̂µ
∂xβ

∂x̂ν
.
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By differentiation one obtains at xµ = x̂µ = 0,

∂ĝµν
∂x̂ρ

(0) =
∂gµν
∂xρ

(0) + gαβ(0)
(
Aα

µρδ
β
ν + δαµA

β
νρ

)

=
∂gµν
∂xρ

(0) +Aνµρ +Aµνρ , (2.4.4)

where
Aαβγ := gασ(0)A

σ
βγ .

It remains to show that we can choose Aσ
βγ so that the left-hand-side can be made

to vanish at p. An explicit formula for Aσβγ can be obtained from (2.4.4) by a cyclic
permutation calculation similar to that in (2.3.26). After raising the first index, the
final result is

Aα
βγ =

1

2
gαρ

{
∂gβγ
∂xρ

− ∂gβρ
∂xγ

− ∂gργ
∂xβ

}
(0) ;

the reader may wish to check directly that this does indeed lead to a vanishing
right-hand-side of (2.4.4).

2

2.5 Curvature

We have seen that we can get rid of first derivatives of the metric at any point by
making a coordinate transformation. It turns out that second derivatives cannot
be gotten rid of in this way. This fact will follow from the study of a new object,
called the curvature tensor.

Proposition 2.5.1 1. Let ∇ be torsion-free. There exists a tensor field Rabc
d of

type (1, 3) such that

∇a∇bX
d −∇b∇aX

d = Rabc
dXc . (2.5.1)

2. Furthermore,

Rabc
d = ∂aΓ

d
bc − ∂bΓd

ac + Γd
aeΓ

e
bc − Γd

beΓ
e
ac . (2.5.2)

Proof: We need to check that the derivatives of X cancel. Now,

∇a∇bX
d = ∂a( ∇bX

d

︸ ︷︷ ︸
∂bXd+Γd

beXe

) + Γd
ac ∇bX

c

︸ ︷︷ ︸
∂bXc+Γc

beX
e

−Γe
ab∇eX

d

= ∂a∂bX
d

︸ ︷︷ ︸
=:1ab

+∂aΓ
d
beX

e + Γd
be∂aX

e

︸ ︷︷ ︸
=:2ab

+Γd
ac∂bX

c

︸ ︷︷ ︸
=:3ab

+Γd
acΓ

c
beX

e − Γe
ab∇eX

d

︸ ︷︷ ︸
=:4ab

.

If we subtract ∇b∇aX
d, then
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1. 1ab is symmetric in a and b, so will cancel out; similarly for 4ab because ∇
has been assumed to have no torsion;

2. 2ab will cancel out with 3ba; similarly 3ab will cancel out with 2ba.

So the left-hand-side of (2.5.1) is indeed linear in Xe. Since it is a tensor, the
right-hand-side also is. Since Xe is arbitrary, we conclude that Rabc

d is a tensor
of the desired type. This proves point 1.

To prove 2., from what has been said we have

∇a∇bX
d −∇b∇aX

d = ∂aΓ
d
beX

e + Γd
acΓ

c
beX

e − (a←→ b)

= (∂aΓ
d
bc − ∂bΓd

ac + Γd
aeΓ

e
bc − Γd

beΓ
e
ac)X

c ,

as desired. 2

The calculation of the curvature tensor may be a very traumatic experience.
There is one obvious case where things are painless, when all gµν ’s are constants:
in this case the Christoffels vanish, and so does the curvature tensor. Metrics
with the last property are called flat.

For more general metrics, one way out is to use symbolic computer algebra.
Mathematica packages to do this can be found at URL’s http://www.math.
washington.edu/~lee/Ricci, or http://grtensor.phy.queensu.ca/NewDemo,
or http://luth.obspm.fr/~luthier/Martin-Garcia/xAct. This last package
is least-user-friendly as of today, but is the most flexible, especially for more
involved computations.

Example 2.5.2 As an example less trivial than a metric with constant coeffi-
cients, consider the round two sphere, which we write in the form

g = dθ2 + e2fdϕ2 , e2f = sin2 θ .

The Christoffel symbols are easily found from the Lagrangian for geodesics (see
example 2.3.2):

L =
1

2
(θ̇2 + e2f ϕ̇2) .

The Euler-Lagrange equations give

Γθ
ϕϕ = −f ′e2f , Γϕ

θϕ = Γϕ
ϕθ = f ′ ,

with the remaining Christoffel symbols vanishing. Using the definition of the
Riemann tensor we then immediately find that

Rθϕθ
ϕ = f ′′ + (f ′)2 = −1 .

All remaining components of the Riemann tensor can be obtained from this one
by raising and lowering of indices, together with symmetry operations.

From this one also finds •2.5.1 •2.5.1: note that in
other conventions
one obtains plus
signs here; this is
more common in
the Riemannian
context

Rab := Racb
c = −gab , R = −2 .
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•2.5.2 As an exercice, we check that an equivalent, index-free definition can be given •2.5.2: this is not
examinable

as follows: Let ∇ be a torsionless covariant derivative defined for vector fields, the
definition

R(X,Y )Z := ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z , (2.5.3)

where, as elsewhere, [X,Y ] is the Lie bracket , which coincides with the one above
if one sets

Rabc
d = dxd(R(∂a, ∂b)∂c) ⇐⇒ R(∂a, ∂b)∂c = Rabc

d∂d .

To prove this, given a vector field Z, consider the tensor field S defined as

Y −→ S(Y ) := ∇Y Z .

In local coordinates, S takes the form

S = ∇µZ
ν dxµ ⊗ ∂ν .

It follows from the Leibniz rule — or, equivalently, from the definitions in Section 2.3
— that we have

(∇XS)(Y ) = ∇X(S(Y ))− S(∇XY )

= ∇X∇Y Z −∇∇XY Z .

The commutator of the derivatives can then be calculated as

(∇XS)(Y )− (∇Y S)(X) = ∇X∇Y Z −∇Y∇XZ −∇∇XY Z +∇∇Y XZ

= ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

+∇[X,Y ]Z −∇∇XY Z +∇∇Y XZ

= R(X,Y )Z −∇T (X,Y )Z . (2.5.4)

Writing ∇S in the usual form

∇S = ∇σSµ
ν dxσ ⊗ dxµ ⊗ ∂ν = ∇σ∇µZ

ν dxσ ⊗ dxµ ⊗ ∂ν ,

we are thus led to

∇µ∇νZ
α −∇ν∇µZ

α = Rµνσ
αZσ − T σ

µν∇σZ
α . (2.5.5)

In the important case of vanishing torsion, the coordinate-component equivalent of
(2.5.3) is thus

∇µ∇νX
α −∇ν∇µX

α = Rµνσ
αXσ . (2.5.6)

A calculation identical to that in the proof of Proposition 2.5.1 gives, again
for torsionless connections,

∇µ∇νaα −∇ν∇µaα = −Rµνα
σaσ . (2.5.7)
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For a general tensor t and torsion-free connection, each tensor index comes with
a corresponding Riemann tensor term:

∇µ∇νtα1...αr

β1...βs −∇ν∇µtα1...αr

β1...βs =

−Rµνα1

σtσ...αr

β1...βs − . . .− Rµναr

σtα1...σ
β1...βs

+Rµνσ
β1tα1...αr

σ...βs + . . .+Rµνσ
βstα1...αr

β1...σ . (2.5.8)

From now on we assume a Levi-Civita connection; note that the
convention used in Woodhouse’s book [9] on the positioning of the
Riemann tensor indices is opposite to the one I have always been using,
which is bound to create problems once in a while

One of the fundamental results in Riemannian geometry is:

Theorem 2.5.3 There exists a coordinate system in which the metric tensor field
has vanishing second derivatives at p if and only if its Riemann tensor vanishes
at p. Furthermore, there exists a coordinate system in which the metric tensor
field has constant entries near p if and only if the Riemann tensor vanishes near
p.

Proof: The condition is necessary, since Rαβγ
δ is a tensor. The sufficiency will

be admitted. 2

•2.5.3 In a coordinate basis {ea} = {∂µ} we find2 (recall that [∂µ, ∂ν ] = 0) •2.5.3: this is an
alternative
derivation of the
explicit form of
the Riemann, but
note that it uses a
different
convention on the
positioning of
indices; you could
try to rewrite this
calculation in the
convention used
during the lectures

Rα
βγδ := 〈dxα, R(∂γ , ∂δ)∂β〉

= 〈dxα,∇γ∇δ∂β〉 − 〈· · ·〉δ↔γ

= 〈dxα,∇γ(Γ
σ
βδ∂σ)〉 − 〈· · ·〉δ↔γ

= 〈dxα, ∂γ(Γσ
βδ)∂σ + Γρ

σγΓ
σ
βδ∂ρ〉 − 〈· · ·〉δ↔γ

= {∂γΓα
βδ + Γα

σγΓ
σ
βδ} − {· · ·}δ↔γ ,

leading finally to

Rα
βγδ = ∂γΓ

α
βδ − ∂δΓα

βγ + Γα
σγΓ

σ
βδ − Γα

σδΓ
σ
βγ . (2.5.9)

In a general frame some supplementary commutator terms will appear in the
formula for Ra

bcd.

2The reader is warned that certain authors use a different sign convention either for
R(X,Y )Z, or for Rα

βγδ, or both. A useful table that lists the sign conventions for a series of
standard GR references can be found on the backside of the front cover of [4].
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2.5.1 Symmetries

Here is a full list of algebraic symmetries of the curvature tensor of the Levi-Civita
connection:

1. directly from the definition, we obtain

Rαβγ
δ = −Rβαγ

δ ; (2.5.10)

2. the next symmetry, known as the first Bianchi identity, is less obvious:

Rαβγ
δ +Rβγα

δ +Rγαβ
δ = 0 ; (2.5.11)

3. and finally we have the pair-interchange symmetry:

Rαβγδ = Rγδαβ . (2.5.12)

Here, of course, Rαβγδ = gδσRαβγ
σ.

It is a not obvious fact that these are all independent algebraic identities
satisfied by Rαβγδ.

As a consequence of (2.5.10) and (2.5.12) we find

Rαβδγ = Rδγαβ = −Rγδαβ = −Rαβγδ ,

and so the Riemann tensor is also anti-symmetric in its last two indices:

Rαβγδ = −Rαβδγ . (2.5.13)

The Ricci tensor is defined as

Rαβ := Rασβ
σ .

The pair-interchange symmetry implies that the Ricci tensor is symmetric:

Rαβ = gσρRασβρ = gσρRβρασ = Rβα .

For proofs, see Woodhouse [9] Section 5.7. Here we will only give a proof of

Rabcd = Rcdab . (2.5.14)

We suppose that the metric is twice-differentiable. By point 2. of Proposi-
tion 2.4.1 in a neighborhood of any point p ∈M there exists a coordinate system
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in which the connection coefficients Γα
βγ vanish at p. Equation (2.5.9) evaluated

at p therefore reads

Rα
βγδ = ∂γΓ

α
βδ − ∂δΓα

βγ

=
1

2

{
gασ∂γ(∂δgσβ + ∂βgσδ − ∂σgβδ)

−gασ∂δ(∂γgσβ + ∂βgσγ − ∂σgβγ)
}

=
1

2
gασ

{
∂γ∂βgσδ − ∂γ∂σgβδ − ∂δ∂βgσγ + ∂δ∂σgβγ

}
.

Equivalently,

Rσβγδ(0) =
1

2

{
∂γ∂βgσδ − ∂γ∂σgβδ − ∂δ∂βgσγ + ∂δ∂σgβγ

}
(0) . (2.5.15)

The first term goes to the last one under interchange of σβ with γδ; similarly for
the second and the third, and (2.5.14) follows.

Further, the indices σβγ on the first term in (2.5.15) form a cyclic permutation
of those in the second; similarly for the third and the fourth one. This proves the
first Bianchi identity (2.5.11).

We finish this section by mentioning a differential identity satisfied by the
Riemmann tensor, known as the second Bianchi identity ; see one of the problem
sheets for a derivation:

∇αRβγδ
σ +∇βRγαδ

σ +∇γRαβδ
σ = 0 . (2.5.16)
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Chapter 3

Curved space-time

3.1 Summary of basic ideas

1. “Special relativity holds over small distances and short times in local inertial
frames”. This is implemented by allowing the Minkowski metric

η = dt2 − dx2 − dy2 − dz2

to be replaced by a “metric tensor” with Lorentzian signature

g = gµνdx
µdxν .

In particular it follows that physical observers move along curves with
g(γ̇, γ̇) > 0 - such curves are called timelike.

2. Gravity appears as the relative acceleration of nearby local inertial frames.

3. Principle of general covariance: the theory should be formulated in
a way which does not give any special role to any particular coordinate
system.

4. Vacuum Einstein equations: in vacuum, the Ricci tensor Rµν := Rµαν
α

vanishes.

5. Freely falling observers move along timelike geodesics.1

6. Space-time is a manifold!

3.1.1 Manifolds

Definition 3.1.1 An n–dimensional manifold is a set M equipped with the fol-
lowing: •3.1.1 •3.1.1: this is not

examinable

1There is actually a sense in which this follows from point 4, but for the purposes of this
course we will admit this as an axiom.
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1. topology: a “connected Hausdorff paracompact topological space” (think of
nicely looking subsets of R1+n, like spheres, hyperboloids, and such), together
with

2. local charts: a collection of coordinate patches (U , xi) coveringM , where U

is an open subset of M , with the functions xi : U → R
n being continuous.

One further requires that the maps

M ⊃ U ∋ p 7→ (x1(p), . . . , xn(p)) ∈ V ⊂ R
n

are homeomorphisms.

3. compatibility: given two overlapping coordinate patches, (U , xi) and (Ũ , x̃i),

with corresponding sets V , Ṽ ⊂ R
n, the maps x̃j 7→ xi(x̃j) are smooth dif-

feomorphisms wherever defined: this means that they are bijections differ-
entiable as many times as one wishes, with

det

[
∂xi

∂x̃j

]
nowhere vanishing .

Definition of differentiability: A function on M is smooth if it is smooth when
expressed in terms of local coordinates. Similarly for tensors.

Examples:

1. Rn with the usual topology, one single global coordinate patch.
2. A sphere: use stereographic projection to obtain two overlapping coordi-

nate systems (or use spherical angles, but then one must avoid borderline angles,
so they don’t cover the whole manifold!).

3. We will use several coordinate patches (in fact, five), to describe the
Schwarzschild black hole, though one spherical coordinate system would suffice.

4. Let f : Rn → R, and define N := f−1(0). If ∇f has no zeros on N , then N
is a smooth (n− 1)–dimensional manifold. This construction leads to a plethora
of examples. For example, if f =

√
(x1)2 + . . .+ (xn)2 −R, with R > 0, then N

is a sphere of radius R.

3.1.2 Geodesic deviation (Jacobi equation), tidal forces

What does this theory have to do with gravitation? To understand this, let us
look at families of geodesics.

Suppose that we have a one parameter family of geodesics

γ(s, λ) (in local coordinates, (γα(s, λ))),
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where s is the parameter along the geodesic, and λ is a parameter which distin-
guishes the geodesics. Set

Z(s, λ) :=
∂γ(s, λ)

∂λ
≡ ∂γα(s, λ)

∂λ
∂α ;

for each λ this defines a vector field Z along γ(s, λ), which measures how nearby
geodesics deviate from each other, since, to first order, using a Taylor expansion,

γα(s, λ) = γα(s, λ0) + Zα(λ− λ0) +O((λ− λ0)2) .

To measure how a vector field W changes along s 7→ γ(s, λ), one introduces
the differential operator D/ds, defined as

DW µ

ds
:=

∂(W µ ◦ γ)
∂s

+ Γµ
αβ γ̇

βW α (3.1.1)

= γ̇β
∂W µ

∂xβ
+ Γµ

αβγ̇
βW α (3.1.2)

= γ̇β∇βW
µ . (3.1.3)

(It would perhaps be more logical to write DWµ

∂s
in the current context, but

people never do that.) The last two lines only make sense if W is defined in a
whole neighbourhood of γ, but for the first it suffices that W (s) be defined along
s 7→ γ(s, λ). (One possible way of making sense of the last two lines is to extend
W µ to any smooth vector field defined in a neighorhood of γµ(s, λ), and note
that the result is independent of the particular choice of extension because the
equation involves only derivatives tangential to s 7→ γµ(s, λ).)

Analogously one sets

DW µ

dλ
:=

∂(W µ ◦ γ)
∂λ

+ Γµ
αβ∂λγ

βW α (3.1.4)

= ∂λγ
β ∂W

µ

∂xβ
+ Γµ

αβ∂λγ
βW α (3.1.5)

= Zβ∇βW
µ . (3.1.6)

Note that since s→ γ(s, λ) is a geodesic we have from (3.1.1) and (3.1.3)

D2γµ

ds2
:=

Dγ̇µ

ds
=
∂2γµ

∂s2
+ Γµ

αβ γ̇
βγ̇α = 0 . (3.1.7)

(This is sometimes written as γ̇α∇αγ̇
µ = 0, which is again an abuse of notation

since typically we will only know γ̇µ as a function of s, and so there is no such
thing as ∇αγ̇

µ.) Furthermore,

DZµ

ds
=︸︷︷︸

(3.1.1)

∂2γµ

∂s∂λ
+ Γµ

αβγ̇
β∂λγ

α =︸︷︷︸
(3.1.4)

Dγ̇µ

dλ
, (3.1.8)
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(The abuse-of-notation derivation of the same formula proceeds as:

∇γ̇Z
µ = γ̇ν∇νZ

µ = γ̇ν∇ν∂λγ
µ =︸︷︷︸
(3.1.3)

∂2γµ

∂s∂λ
+ Γµ

αβγ̇
β∂λγ

α =︸︷︷︸
(3.1.6)

Zβ∇βγ̇
µ = ∇Z γ̇

µ ,

(3.1.9)
which can then be written as

∇γ̇Z = ∇Z γ̇ .) (3.1.10)

One can now repeat the calculation leading to (2.5.1) to obtain, for any vector
field W defined along γµ(s, λ),

D

ds

D

dλ
W µ − D

dλ

D

ds
W µ = Rαβδ

µγ̇αZβW δ . (3.1.11)

If W µ = γ̇µ the second term at the left-hand-side is zero, and from D
dλ
γ̇ = D

ds
Z

we obtain

D2Zµ

ds2
(s) = Rαβσ

µγ̇αZβγ̇σ . (3.1.12)

We have obtained an equation known as the Jacobi equation, or as the geodesic
deviation equation; in index-free notation:

D2Z

ds2
= R(γ̇, Z)γ̇ . (3.1.13)

Solutions of (3.1.13) are called Jacobi fields along γ.
Equation (3.1.13) shows that curvature causes relative accelerations between

neighboring geodesics. Keeping in mind that gravitational force and acceleration
are indistinguishable, we say that curvature produces a “gravitational tidal force”
between freely falling nearby observers.

The advantage of the abuse-of-notation equations above, which can be justified
by the extension-artifact already mentioned, is that one can invoke the result of
Proposition 2.5.1, instead of repeating its calculations, to obtain (3.1.11):

D2Zµ

ds2
(s) = γ̇α∇α(γ̇

β∇βZ
µ)

= γ̇α∇α(Z
β∇β γ̇

µ)

= (γ̇α∇αZ
β)∇β γ̇

µ + Zβγ̇α∇α∇β γ̇
µ

= (γ̇α∇αZ
β)∇β γ̇

µ + Zβγ̇α(∇α∇β −∇β∇α)γ̇
µ + Zβγ̇α∇β∇αγ̇

µ

= (γ̇α∇αZ
β)∇β γ̇

µ + Zβγ̇αRαβσ
µγ̇σ + Zβγ̇α∇β∇αγ̇

µ

= (γ̇α∇αZ
β)∇β γ̇

µ + Zβγ̇αRαβσ
µγ̇σ + Zβ∇β(γ̇

α∇αγ̇
µ

︸ ︷︷ ︸
0

)− (Zβ∇β γ̇
α)∇αγ̇

µ .

A renaming of indices in the first and the last term gives

(γ̇α∇αZ
β)∇β γ̇

µ − (Zβ∇βγ̇
α)∇αγ̇

µ = (γ̇α∇αZ
β − Zα∇αγ̇

β)∇β γ̇
µ ,

which is zero by (3.1.10). This leads again to (3.1.12).
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3.2 Einstein equations and matter

We have already seen in lectures that Einstein’s equations in vacuum read

Rµν = 0

where Rµν is the Ricci tensor. Anticipating, in the presence of matter the right-
hand-side will not be zero, but will involve an object describing the density of
energy of matter fields.

The idea is: energy produces curvature. So we need a tensor with two indices
which will describe the energy contents of the matter fields.

This requires examining the matter models. We start with the simplest one,
that of dust.

3.2.1 Dust in special and general relativity

By definition, dust is a cloud of non-interacting particles, whose velocities vary
smoothly from point to point in space-time.

So at each point we have a scalar ρ which represents the density of the dust:
this is the rest mass per unit volume measured in a frame in which the particles
are at rest. For example, if there are n particles per unit volume and each has
mass m, then ρ = nm.

We wish to calculate the energy density of the dust in moving frames.

By definition, a rest frame is a frame in which the particles do not move, so
that their space velocity is zero, and therefore their velocity four-vector is

u = uµ∂µ = ∂t ⇐⇒ (uµ) = (1,~0) .

Let an observer move with velocity ~v with respect to the dust, so she has a
four-velocity vector

(vµ) = (γ =
1√

1− ~v2
, ~v) .

Choosing a coordinate system so that the velocity is aligned along the x axis and
pointing in the positive direction, the observer has velocity v along the x-axis.

Let there be n particles of rest mass m in a box with sides dx, dy and dz in
the reference frame of the dust.

The observer sees n particles of rest massm in a box of size 1/γdx (contraction
factor!), dy and dz, with velocity −~v, and therefore energy

mnγ
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in a volume
dx dy dz/γ ,

and hence a density of

mnγ2 = ρ(uµv
µ)2 = ρuµuν︸ ︷︷ ︸

=:Tµν

vµvν . (3.2.1)

The tensor
Tµν = ρuµuν

is called the energy-momentum tensor of dust, with energy density ρ, and is used
to measure the energy density of dust in moving frames, in a sense made clear
by equation (3.2.1).

Energy-momentum tensors belong to the class of basic objects in general
relativity, as they provide the source-part of the Einstein equations.

Another example of energy-momentum tensor is given by the Maxwell energy-
momentum tensor

Tµν = ǫ0

(
FµαF

α
ν +

1

4
gµνFαβF

αβ

)
. (3.2.2)

see Section 3.3 of Woodhouse’s book.
•3.2.1

•3.2.1: in the
general relativity
literature one
often uses units in
which ǫ0 = 1/4π3.2.2 The continuity equation

An important property of energy-momentum tensors IN SPECIAL RELATIV-
ITY is that they satisfy a continuity equation:

∂νT
µν = 0 . (3.2.3)

As an exercice, you can check that the divergence identity (3.2.3) for the Maxwell
energy-momentum tensor (3.2.2) follows from the Maxwell equations.

In order to verify (3.2.3) for dust, we need first to know what the equations
are. Since we assume that the particles are non-interacting, each of them moves
along a straight line. Now, straight lines are geodesics in Minkowski space-time,
so if uµ is the vector tangent to each geodesic followed by the particles, we have
seen in (3.1.7) that the geodesic equation can be written as

uµ∇µu
ν = 0 . (3.2.4)

Since the number of particles is conserved we also have the conservation equation

∇µ(ρu
µ) = 0 . (3.2.5)
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These are thus the equations for our model.

These are local equations, and one uses the correspondence principle to carry
them over to general relativity, where the covariant derivative becomes the co-
variant derivative of a possibly curved metric.

Whether in curved space-time or not, if we calculate the divergence of the
energy-momentum tensor we obtain

∇µ(ρu
µuν) = ∇µ(ρu

µ)uν + ρuµ∇µu
ν = 0 , (3.2.6)

where the first term is zero by the continuity equation (3.2.5), and the second
vanishes by the geodesic equation (3.2.4).

In fact, this equation is equivalent to (3.2.4)-(3.2.5) in regions where ρ does
not vanish if we remember the condition that

uνu
ν = 1 . (3.2.7)

Indeed, by (3.2.7) we have

0 = ∇µ(uνu
ν) = ∇µ(gανu

αuν) = 2gανu
α∇µu

ν = 2uν∇µu
ν .

If we multiply (3.2.6) with uν and use the last equation we recover the continuity
equation, but then the geodesic character of uµ follows.

In special relativity it is again true that the divergence of the Maxwell energy-
momentum tensor (3.2.2) vanishes when the source-free Maxwell equations hold.

3.2.3 Einstein equations with sources

The energy-momentum tensor Tµν provides a good candidate for the source term
in Einstein’s theory of gravitation. Keeping in mind the special relativity cor-
respondence principle, and our analysis of dust and of the Maxwell field, the
energy-momentum of matter fields will thus be described by a symmetric tensor
satisfying

∇µT
µν = 0 , (3.2.8)

or, equivalently,
∇µTµν = 0 . (3.2.9)

We thus need to write an equation which is compatible with this restriction. For
this, we note the important identity:

∇µ(Rµν −
1

2
Rgµν) = 0 , (3.2.10)

where
R := Rα

α = Rαβ
αβ .

43



To prove (3.2.10), recall the second Bianchi identity

∇µRνραβ +∇νRρµαβ +∇ρRµναβ = 0 . (3.2.11)

Multiplying by gµαgνβ we obtain

∇αRβ
ραβ +∇βRρ

α
αβ +∇ρR

αβ
αβ = 0 , (3.2.12)

which is another way of writing (3.2.10).
Recalling that for any constant Λ we have

∇µ(Λgµν) = 0 ,

we are led to an equation which will be compatible with (3.2.9):

Rµν − 1
2
Rgµν + Λgµν = κTµν . (3.2.13)

The constant κ can be determined by considering the Newtonian limit, where gµν
is very close to the Minkowski metric, and all velocities are very small compared
with the speed of light, leading to

κ = −8πG
c4

.

The constant Λ is called the cosmological constant, and current state-of-the
art observations [6, 8] indicate strongly that Λ is nonzero. Indeed, the current
standard model of cosmology requires a cosmological constant which, from Hubble
observations, is measured to be on the order of 10−35s−2, very small but non-zero.
This makes a difference for cosmology, but not for describing black holes, or the
solar system. So from now on we will assume that Λ = 0, and use units G = c = 1,
so that (3.2.13) becomes

Gµν := Rµν −
1

2
Rgµν = −8πTµν . (3.2.14)
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Chapter 4

The Schwarzschild metric
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Chapter 5

The Schwarzschild metric

5.1 The metric

The simplest stationary solutions describing compact isolated objects are the
spherically symmetric ones. The flagship example is the Schwarzschild metric:

g = (1− 2m
r
)dt2 − dr2

1− 2m
r

− r2dΩ2 , (5.1.1)

t ∈ R , r 6= 2m, 0 . (5.1.2)

Here dΩ2 denotes the metric of the round unit 2-sphere,

dΩ2 = dθ2 + sin2 θdϕ2 .

A theorem due to Birkhoff shows that:

Theorem 5.1.1 In a vacuum region, away from the set {r = 2m} any spherically
symmetric metric can locally be written in the Schwarzschild form, for some mass
parameter m.

•5.1.1
•5.1.1: see

Woodhouse or
Besse [1] for two
very different
verifications that
this metric
satisfies the
vacuum Einstein
equations

We conclude that the hypothesis of spherical symmetry implies in vacuum,
at least locally, the existence of two further symmetries: translations in t and
t–reflections t → −t. More precisely, we obtain time translations and time-
reflections in the region where 1− 2m/r > 0 (a metric with those two properties
is called static). However, in the region where r < 2m the notation “t” for the
coordinate appearing in (5.1.1) is misleading, as t is then a space-coordinate, and
r is a time one. So in this region t–translations are actually translations in space.

The above requires some comments and definitions:

Time functions

First, we need to define the notion of time orientation. This is the decision about
which timelike vectors are future-pointing, and which ones are past-pointing. In
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special relativity this is taken for granted: in coordinates where the Minkowski
metric η takes the form

η = dt2 − dx2 − dy2 − dz2 , (5.1.3)

a timelike vector Xµ∂µ is said to be future pointing if X0 > 0. But, it should
be realized that this is a question of conventions: we could very well agree that
future-pointing vectors are those with negative X0. We will shortly meet a situ-
ation where such a decision will have to be made.

A function f will be called a time function if ∇f is everywhere timelike future
pointing. A coordinate, say y0 will be said to be a time coordinate if y0 is a time
function.

So, for example, f = t on Minkowski space-time is a time function: indeed,
in canonical coordinates as in (5.1.3)

∇t = ηµν∂µt ∂ν = η0ν∂ν = ∂t ,

and so
η(∇t,∇t) = η(∂t, ∂t) = 1 .

On the other hand, consider f = t in the Schwarzschild metric: the inverse
metric now reads

gµν∂µ∂ν =
1

1− 2m
r

∂2t − (1− 2m

r
)∂2r − r−2(∂2θ + sin−2 θ∂2ϕ) , (5.1.4)

and so

∇t = gµν∂µt ∂ν = g0ν∂ν =
1

1− 2m
r

∂t .

The length-squared of ∇t is thus

g(∇t,∇t) = g(∂t, ∂t)

(1− 2m
r
)2

=
1

1− 2m
r

{
> 0, r > 2m;
< 0, r < 2m.

.

We conclude that t is a time function in the region {r > 2m}, but is not on the
manifold {r < 2m}.

A similar calculation for ∇r gives

g(∇r,∇r) = (1− 2m

r
)2g(∂r, ∂r) = −(1−

2m

r
)

{
< 0, r > 2m;
> 0, r < 2m.

.

So r is a time function in the region {r < 2m}, if the time orientation is chosen
so that r is increasing towards the future. On the other hand, the alternative
choice of time-orientation implies that minus r is a time function in this region.
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r = 0

Throughout this chapter we will assume

m > 0 ,

because m < 0 leads to metrics which contain “naked singularities”, in the fol-
lowing sense: for m < 0, on each space-like surface {t = const} the set {r = 0}
can be reached along curves of finite length. •5.1.2 But we have (see, e.g., •5.1.2: you are not

expected to justify
this fact, nor to
calculate the
expression (5.1.5),
but you are
expected to be
aware of the
existence of a
curvature scalar
which diverges as
r = 0 is
approached.

http://grtensor.phy.queensu.ca/NewDemo)

RαβγδR
αβγδ =

48m2

r6
, (5.1.5)

which shows that the geometry is singular at r = 0, whatever m ∈ R
∗.

The advantage of m > 0 is the occurrence, as will be seen shortly, of the event
horizon {r = 2m}: the singular set {r = 0} is then “hidden” behind an event
horizon, which is considered to be less unpleasant than the situation with m < 0,
where no such horizon occur.

Eddington-Finkelstein extension

The metric (5.1.1) is singular as r = 2m is approached. It turns out that this
singularity is related to a poor choice of coordinates (one talks about “a coordi-
nate singularity”); the simplest way to see it is to replace t by a new coordinate
v, which will be chosen to cancel out the singularity in grr: if we set

v = t + f(r) ,

we find dv = dt+ f ′dr, so that

(1− 2m

r
)dt2 = (1− 2m

r
)(dv − f ′dr)2

= (1− 2m

r
)(dv2 − 2f ′dv dr − (f ′)2dr2) .

The offending grr terms in (5.1.1) will go away if we choose f to satisfy

(1− 2m

r
)(f ′)2 =

2

1− 2m
r

.

There are two possibilities for the sign; we choose

f ′ =
1

1− 2m
r

=
r

r − 2m
=
r − 2m+ 2m

r − 2m
= 1 +

2m

r − 2m
, (5.1.6)

leading to
v = t + r + 2m ln(r − 2m) .
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The alternative choice amounts to introducing another coordinate

u = t− f(r) , (5.1.7)

with f still as in (5.1.6), we will return to this possibility shortly.
This brings g to the form

g =

(
1− 2m

r

)
dv2 − 2dv dr − r2dΩ2 . (5.1.8)

We have det g = −r4 sin2 θ, with all coefficients of g smooth, which shows that g
is a well defined Lorentzian metric on the set

{v ∈ R , r ∈ (0,∞)} × S2 . (5.1.9)

More precisely, (5.1.8)-(5.1.9) defines an analytic extension of the original space-
time (5.1.1).

The coordinates (v, r, θ, ϕ) are called “retarded Eddington-Finkelstein coordi-
nates”.

For further reference, note that increasing t corresponds to increasing v.

We claim:

Theorem 5.1.2 The region {r ≤ 2m} for the metric (5.1.8) is a black hole
region, in the sense that

observers, or signals, can enter this region, but can never leave it. (5.1.10)

Proof: We have already seen that either r or minus r is a time function on the
region {r < 2m}. Now, recall that observers in general relativity always move
on future directed timelike curves, that is, curves with timelike future directed
tangent vector. But time functions are strictly monotonous along future directed
causal curves: indeed, let γ(s) be such a curve, and let f be a time function, then

d(f ◦ γ)
ds

= γ̇µ∂µf = γ̇µgµνg
σν∂σf = gµν γ̇

µ∇νf .

Since both γ̇ and ∇f are timelike future directed, their scalar product is positive,
as desired.

It follows that, along a future directed causal curve, either r or −r is strictly
increasing in the region {r < 2m}.

Suppose that there exists at least one future directed causal curve γ0 which
enters from r > 2m to r < 2m. Then ṙ must have been decreasing somewhere
along γ0 in the region {r < 2m}. This implies that the time orientation has to
be chosen so that −r is a time function. But then r is decreasing along every
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causal future directed γ, So no such curve passing through {r < 2m} can cross
{r = 2m} again, when followed to the future.

To finish the proof, it remains to exhibit one γ0 which enters {r < 2m} from
the region {r > 2m}. For this, consider the radial curve

γ0(s) = (v(s), r(s), θ(s), ϕ(s)) = (s, 3m− s, π
2
, 0) .

Then γ̇0 = ∂v − ∂r, hence

g(γ̇0, γ̇0) = (1− 2m

r
) + 2 .

We see that γ0 starts at r = 3m at s = 0, and is timelike before, and for some
non-empty interval of the parameter s after crossing {r = 2m}. Next, we have

∂r|v=const = ∂r|t=const − f ′∂t ,

hence
∂v = ∂t , ∂v − ∂r|v=const = (1 + f ′)∂t − ∂r|t=const ,

which has positive ∂t–component in the region {r > 2m}, which concludes the
proof.

An alternative proof proceeds as follows: Let γ(s) = (v(s), r(s), θ(s), ϕ(s)) be a
future directed timelike curve; for the metric (5.1.8) the condition g(γ̇, γ̇) > 0 reads

−(1− 2m

r
)v̇2 + 2v̇ṙ + r2(θ̇2 + sin2 θϕ̇2) < 0 .

This implies

v̇
(
− (1− 2m

r
)v̇ + 2ṙ

)
< 0 .

It follows that v̇ does not change sign on a timelike curve. As already pointed out,
the standard choice of time orientation in the exterior region corresponds to v̇ > 0
on future directed curves, so v̇ has to be positive everywhere, which leads to

−(1− 2m

r
)v̇ + 2ṙ < 0 .

For r ≤ 2m the first term is non-negative, which enforces ṙ < 0 on all future directed
timelike curves in that region. Thus, r is a strictly decreasing function along such
curves, which implies that future directed timelike curves can cross the hypersurface
{r = 2m} only if coming from the region {r > 2m}. The same conclusion applies for
future directed causal curves: it suffices to approximate a causal curve by a sequence
of future directed timelike ones.

2

The last theorem motivates the name black hole event horizon for {r =
2m, v ∈ R} × S2.

50



The analogous construction using the coordinate u instead of v leads to a white

hole space-time, with {r = 2m} being a white hole event horizon. The latter can
only be crossed by those future directed causal curves which originate in the region
{r < 2m}. In either case, {r = 2m} is a causal membrane which prevents future
directed causal curves to go back and forth. This will become clearer in Section 5.5.

From (5.1.8) one easily finds the inverse metric:

gµν∂µ∂ν = −2∂v∂r − (1− 2m

r
)∂2r − r−2∂2θ − r−2 sin−2 θ∂2ϕ . (5.1.11)

In particular
0 = gvv = g(∇v,∇v) ,

which implies that the integral curves of

∇v = −∂r
are null, affinely parameterised geodesics: Indeed, let X = ∇v, then

Xα∇αX
β = ∇αv∇α∇βv = ∇αv∇β∇αv =

1

2
∇β(∇αv∇αv) = 0 . (5.1.12)

So if γ is an integral curve of X (by definition, this means that

γ̇µ = Xµ) , (5.1.13)

we obtain the geodesic equation:

Xα∇αX
β = γ̇α∇αγ̇

β = 0 . (5.1.14)

We also have

g(∇r,∇r) = grr = 1− 2m

r
, (5.1.15)

and since this vanishes at r = 2m we say that the surface r = 2m is null. It
is reached by all the radial null geodesics v = const, θ = const′, ϕ = const′′, in
finite affine time.

The calculation leading to (5.1.14) generalizes to functions f such that ∇f
satisfies an equation of the form

g(∇f,∇f) = ψ(f) , (5.1.16)

for some function ψ; note that f = r satisfies this, in view of (5.1.15). Repeating
the calculation done in (5.1.12) with X = ∇f we instead recover

Xα∇αX
β =

1

2
∇β(∇αf∇αf) =

1

2
ψ′∇βf =

1

2
ψ′Xβ . (5.1.17)

So if γ satisfies (5.1.13) we obtain

γ̇α∇αγ̇
β =

1

2
ψ′γ̇β . (5.1.18)

This is again a geodesic, except that now the parameter along γ that results from
the defining equation (5.1.13) is not affine; however, a suitable reparameterization
of γ will lead to the usual affinely parameterized form of the geodesic equation,
as in the second equality of (5.1.14).
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5.2 Stationary observers

An observer is called stationary if her coordinates (r, θ, ϕ) are fixed, so that she
is described by a world line

t 7→ γ(t) = (t, r, θ, ϕ) . (5.2.1)

The tangent is γ̇ = ∂t, is timelike in the region r > 2m, and the four velocity
there is

u :=
1√

g(γ̇, γ̇)
γ̇ =

1√
1− 2m

r

∂t . (5.2.2)

Clearly there is a problem for r ≤ 2m, since the square-root is purely imaginary
or vanishes: there are no stationary observers on or under the horizon r = 2m.
Equivalently, the paths defined by (5.2.1) are not timelike for r ≤ 2m.

The acceleration four-vector aµ is defined as

aµ :=
Duµ

ds
= uν∇µu

µ =
1√

1− 2m
r

∇0u
µ =

1

1− 2m
r

Γµ
00 .

We need to calculate the relevant Christoffel symbols

Γµ
00 =

1

2
gµν(2∂0gν0−∂νg00) = −

1

2
gµr∂rg00 = δµr

1

2
(1−2m

r
)∂r(1−

2m

r
) = δµr (1−

2m

r
)
m

r2
.

Thus, the four-acceleration vector a := aµ∂µ takes the form

m

r2
∂r ,

which looks like the Newtonian force when the parameter m is identified with the
mass of the object producing the gravitational field.

It might be preferable to think of the length

√
|g(a, a)| =

√
|grr|

m

r2
=

1√
1− 2m

r

m

r2
,

as the correct invariant definition of the strength of the gravitational acceleration.
This has Newtonian behavior for large distances, but diverges as the horizon
{r = 2m} is approached.

An alternative justification of the interpretation of the parameter m as the
Newtonian mass will be done in Section 5.4, see (5.4.15).
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5.3 The Flamm paraboloid

In this section we try to understand the geometry of the slices with t = const.
One way of doing this is to try to embed those slices in four-dimensional Euclidean
space. It is not clear that this can be done in general (and, in fact, there are
no necessary and sufficient conditions known for this in general; here it works
because of spherical symmetry.

We again write the Schwarzschild metric in dimension n+ 1,

gm = −
(
1− 2m

rn−2

)
dt2 +

dr2

1− 2m
rn−2

+ r2dΩ2 , (5.3.1)

where, as usual, dΩ2 is the round unit metric on Sn−1. If we set •5.3.1 •5.3.1: this section
is done in all
space dimensions
n, but in this
course we are only
interested in
n = 3, so you are
welcome to ignore
the other cases

g̊ = dz2 + (dx1)2 + . . .+ (dxn)2 = dz2 + dr2 + r2dΩ2 ,

the metric h induced by g̊ on the the surface z = z(r) reads

h =
((dz

dr

)2
+ 1
)
dr2 + r2dΩ2 .

This will coincide with the space part of (5.3.1) if we require that

dz

dr
= ±

√
2m

rn−2 − 2m
.

The equation can be explicitly integrated in dimensions n = 3 and 4 in terms of
elementary functions, leading to

z = z0 ±
√
2m×

{
2
√
r − 2m, r > 2m, n = 3,

ln(r +
√
r2 − 2m), r >

√
2m, n = 4.

. (5.3.2)

Solving for r(z), a convenient choice of z0 leads to

r =

{
2m+ z2/8m, n = 3,√
2m cosh(z/

√
2m), n = 4.

In dimension n = 3 one obtains a paraboloid, as first noted by Flamm. The
embeddings are visualized in Figures 5.1 and 5.2.

The qualitative behavior in dimensions n ≥ 5 is somewhat different, as then
z(r) asymptotes to a finite value as r tends to infinity. The embeddings in n = 5
are visualized in Figure 5.3; in that dimension z(r) can be expressed in terms of
elliptic functions, but the final formula is not very illuminating.

We are led to the (momentarily) perplexing observation, that the manifolds
t = const, r > m, can be “doubled” by attaching another copy of the manifold
to itself across the boundary {r = 2m}. This is called the Einstein-Rosen bridge.

The positive sign in (5.3.2) corresponds to our usual black hole exterior, while
the negative sign corresponds to a second asymptotically flat region, on the “other
side” of the Einstein-Rosen bridge.
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Figure 5.1: Isometric embedding of the space-geometry of an n = 3 dimensional
Schwarzschild black hole into four-dimensional Euclidean space, near the throat
of the Einstein-Rosen bridge r = 2m, with 2m = 1 (left) and 2m = 6 (right).
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Figure 5.2: Isometric embedding of the space-geometry of an n = 4 dimensional
Schwarzschild black hole into five-dimensional Euclidean space, near the throat
of the Einstein-Rosen bridge r = (2m)1/2, with 2m = 1 (left) and 2m = 6 (right).
The extents of the vertical axis are the same as those in Figure 5.1.
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Figure 5.3: Isometric embedding of the space-geometry of a (5 + 1)–dimensional
Schwarzschild black hole into six-dimensional Euclidean space, near the throat
of the Einstein-Rosen bridge r = (2m)1/3, with 2m = 2. The variable along the
vertical axis asymptotes to ≈ ±3.06 as r tends to infinity. The right picture is a
zoom to the centre of the throat.

5.4 Geodesics

The Lagrangian for geodesics is:

L =
1

2

(
V 2

(
dt

ds

)2

− V −2

(
dr

ds

)2

− r2
(
dθ

ds

)2

− r2 sin2 θ

(
dϕ

ds

)2
)
.

The Euler-Lagrange equation for t reads

d

ds

(
V 2 dt

ds

)
= 0 . (5.4.1)

which gives a conservation law. Similarly

d

ds

(
r2 sin2 θ

dϕ

ds

)
= 0 . (5.4.2)

The remaining equations are more complicated:

d

ds

(
V −2dr

ds

)
= V ∂rV

(
dt

ds

)2

+ 2r

[(
dθ

ds

)2

+ sin2 θ

(
dϕ

ds

)2
]

(5.4.3)

d

ds

(
r2
dθ

ds

)
= r2 sin θ cos θ

(
dϕ

ds

)2

. (5.4.4)

As an exercice, one can read the Christoffel symbols of g from the above: e.g.,
from (5.4.1),

Γt
tr =

V ′

V
,
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etc.

Since L is s-independent, the Hamiltonian H is conserved:

H :=
∂L

∂q̇µ
q̇µ −L = L .

This gives one more constant of motion

V 2

(
dt

ds

)2

− V −2

(
dr

ds

)2

− r2
(
dθ

ds

)2

− r2 sin2 θ

(
dϕ

ds

)2

= λ . (5.4.5)

and without loss of generality, making an affine transformation of s, we can choose

λ ∈ {0,±1} .
To simplify things somewhat, let us start by showing that motion is planar.

Consider any geodesic, and think of the coordinates (r, θ, ϕ) as spherical coordi-
nates on R

3. Then the initial position vector (which is assumed not to be the
origin, as the metric is singular at r = 0) and the initial velocity vector, which is
assumed not to be radial (otherwise the geodesic will be radial, and the claim is
true) define a unique plane in R

3. We can then choose the spherical coordinates
so that this plane is the plane θ = π/2. This leads to θ(0) = π/2 and θ̇(0) = 0,
and then the function θ(s) ≡ π/2 is a solution of (5.4.8) satisfying the initial
values. By uniqueness of solutions, this is the solution.

We have thus shown that without loss of generality we can assume θ = π/2 .

In this case the equations of motion are

d

ds

(
V 2 dt

ds

)
= 0 =⇒ dt

ds
=

E

1− 2m
r

. (5.4.6)

d

ds

(
r2
dϕ

ds

)
= 0 =⇒ dϕ

ds
=
J

r2
. (5.4.7)

d

ds

(
V −2dr

ds

)
= V ∂rV

(
dt

ds

)2

+ 2r

(
dθ

ds

)2

. (5.4.8)

We will ignore this last equation, combining instead (5.4.6)-(5.4.7) with (5.4.5),

V 2

(
dt

ds

)2

︸ ︷︷ ︸
E2V −2

−V −2

(
dr

ds

)2

− r2
(
dϕ

ds

)2

︸ ︷︷ ︸
J2/r2

= λ ∈ {0,±1} . (5.4.9)
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to conclude that
(
dr

ds

)2

= −
(
λ+

J2

r2

)
(1− 2m

r
) + E2 . (5.4.10)

The second order equation of motion could be obtained from (5.4.8), but at this
stage it is simpler to realize that differentiation of (5.4.10) with respect to s must
produce the second order equation of motion, obtaining

2
d2r

ds2
=

d

dr

(
E2 − (1− 2m

r
)(λ+

J2

r2
)
)
. (5.4.11)

For further reference we note the following: let u = m/r, from (5.4.10) and (5.4.7)
one obtains, for J 6= 0,

(
du

dϕ

)2

=
m2E2

J2
− u2(1− 2u)− λm2(1− 2u)

J2
, (5.4.12)

where λ = 0 for null geodesics, and λ = 1 for timelike ones. (You might wish to
compare this with a similar equation derived in Newtonian gravity.)

Similarly to (5.4.11), the second order equation of motion for u can be ob-
tained by differentiating with respect to ϕ, leading to

2
d2u

dϕ2
=

d

du

(
−u2(1− 2u)− λm2(1− 2u)

J2

)
. (5.4.13)

The interpretation of E

In this section we momentarily suspend the convention that c = 1.
Consider two observers in special relativity, with unit four-velocity vectors uµ

and vµ, there exists a frame in which (uµ) equals (1,~0) = (1, 0, 0, 0), while vµ∂µ
has the general form (vµ) = (γ−1, γ−1~v), so that the scalar product uµvµ equals

uµvµ = γ−1 =
1√

1− |~v|2c−2
. (5.4.14)

In curved space-time we can use local inertial frames of two observers passing
through the same space-time point to similarly obtain (5.4.14), where ~v is the
space-velocity of the local inertial frames with respect to each other.

We turn our attention now to a test observer moving in a Schwarzschild grav-
itational field. We want to relate the parameter m appearing there to Newtonian
physics. To avoid any preconceived ideas, let us call this parameter α, writing
thus the metric as

g =

(
1− 2α

r

)
dt2 − dr2

1− 2α
r

− r2dΩ2 .
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Let uµ be the four-velocity vector of the stationary observers of Section 5.2 (with
m there replaced by α) hence, as seen in (5.2.2),

uµ∂µ =
1√

1− 2α
r

∂t .

We then obtain, for a freely falling observer with vµ∂µ = ẋµ∂µ,

1√
1− |~v|2c−2

= uµvµ = gµνu
µvµ = g00 u0︸︷︷︸

1/
√

1− 2α
r

v0 =

√
1− 2α

r
ṫ︸︷︷︸
E

1− 2α
r

=
E√
1− 2α

r

.

Hence

E =

√
1− 2α

r√
1− |~v|2c−2

.

Taylor expanding, for large r and small v/c, and multiplying by the rest energy,
say m0c

2, of the geodesic observer we obtain

Em0c
2 ≈ m0c

2 +
m0

2
|~v|2 − m0αc

2

r
. (5.4.15)

This leads to the obvious interpretation of each term, as rest energy, Newto-
nian kinetic energy, and Newtonian gravitational energy in a gravitational field
generated by a spherically symmetric object of mass

m =
αc2

G
.

In other words, for m to be the Newtonian mass seen at large distances, the
Schwarzschild metric should read

g =

(
1− 2Gm

c2r

)
dt2 − dr2

1− 2Gm
c2r

− r2dΩ2 .

Hence, in units where G = c = 1, we conclude that an interpretation of E as the
general relativistic energy per unit mass of the geodesic test observers is consistent
with the Newtonian limit. The property that E is constant along geodesics is
then the law of conservation of energy (per unit mass) for freely falling observers
in a Schwarzschild field.

5.4.1 Photons

In special relativity photons move along straight lines with null tangent η(γ̇, γ̇) =
0; these are affinely parameterized geodesics of the Minkowski metric η. In view
of the correspondence principle we require that

test photons in general relativity move along null geodesics.

Here, a test photon is a photon, the gravitational field of which can be ignored
at the scale at which experiments are carried out.
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Periodic null geodesics

We will not attempt an exhaustive analysis of photon trajectories, but only point
out a few basic facts. We start by noting the existence of a striking class of null
geodesics for which r(s) = const. It follows from (5.4.11), and from uniqueness
of solutions of the Cauchy problem for ODE’s, that such a curve will be a null
geodesic provided that the right-hand-sides of (5.4.10) and of (5.4.11) (with λ = 0)
vanish:

E2 − (1− 2m

r
)
J2

r2
= 0 =

2J2

r3
(−r + 3m) . (5.4.16)

Simple algebra shows then that the curves

s 7→ γ±(s) = (t = s, r = 3m, θ = π/2, ϕ = ±33/2m−1s) ,

are null geodesics spiraling on the timelike cylinder {r = 3m}.

Gravitational redshift

In this section we wish to derive the frequency shift along radial null geodesics.
So let a wave of light with frequency ω1 be emitted radially at r1, and let

∆s1 := 1/ω1

be the proper time between two consecutive maxima of the wave. In the “ge-
ometric optics approximation”, the wave then travels outwards on radial null
geodesics.

On such geodesics we have λ = 0, while θ and φ are constant. Therefore
(
1− 2m

r

)
dt2 − dr2

1− 2m/r
= 0 ,

leading to
dt

dr
=

r

r − 2m
. (5.4.17)

By integrating (5.4.17) we find that the coordinate time t1 at which the crest of
the wave leaves C1 is related to the coordinate time t2 at which it arrives at C2

by

t2 − t1 =
∫ r2

r1

r dr

r − 2m
. (5.4.18)

Since the right-hand side is of (5.4.18) is independent of t1, we have that the
coordinate time interval ∆t1 between the emission times of two successive crests
at r1 is the same as the coordinate time interval ∆t2 between their observations
by a stationary observer at r2.

Recall that the four-velocity vector

u ≡ uµ∂µ :=
dxµ

ds
∂µ

59



of a stationary observer at coordinate radius r takes the form (5.2.2):

u =
1√

1− 2m
r

∂t =
dt

ds
∂t ⇐⇒ dt

ds
=

1√
1− 2m

r

. (5.4.19)

Since the emitter of light has been assumed to be stationary, (5.4.19) shows that
the proper time interval ∆s1 is related to the coordinate time interval ∆t1 by

∆t1 =
dt

ds
∆s1 =

1√
1− 2m

r1

∆s1 ,

with a similar formula relating ∆t2 with ∆s2.
As we have seen that ∆t1 = ∆t2, we obtain

∆s1
∆s2

=

√
1− 2m/r1√
1− 2m/r2

. (5.4.20)

Subsequently,

ω2 =

√
1− 2m

r1√
1− 2m

r2

ω1 . (5.4.21)

This is the gravitational redshift formula, as observed e.g. in the Pound-Rebka ex-
periment, see e.g. http://en.wikipedia.org/wiki/Pound-Rebka_experiment.
We see that the frequency observed by an observer at infinity will be smaller
than the energy emitted at any finite radius. More generally, if r2 > r1, then
the observed spectrum will be shifted to the red, by a frequency-independent
multiplicative factor, as compared to the emitted one.

As another application of (5.4.21), imagine that you send a beacon emitting
at constant frequency towards a black-hole. You will see its frequency shifting
away towards the red as the beacon approaches the event horizon r = 2m, with
the frequency tending to zero as the event horizon is approached.

An alternative derivation of the redshift effect uses the frequency four vector K of a
photon, seen in the special relativity lectures: If a photon moves along a Minkowski
space-time null geodesic γ, then K is a constant multiple of γ̇ such that an observer
moving with four-velocity U observes a frequency ω given by

ω = UµKµ .

In general relativity the frequency vector will thus again be a constant multiple of
the tangent γ̇ to a null geodesic.

So, consider a static observer O1 at r = r1, with velocity four-vector U1, which
sends a photon with frequency ω1 to a static observer O2 at r = r2, with velocity
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four-vector U2. We want to find the frequency ω2 observed by O2. If K = λγ̇, for
some constant λ,•5.4.1 then the frequencies at Oa, a = 1, 2, equal •5.4.1: not to be

confused with the
wave length! poor
notation here...

ωa = g(Ua,K) = g00U
0
aK

0 = λg00U
0
a ṫ = λ

√
1− 2m

ra
ṫ .

But (1− 2m/r)ṫ is constant along the null geodesic followed by the photon. So

ω2 = λ

√
1− 2m

r2
ṫ = λ

1√
1− 2m

r2

(
1− 2m

r2

)
ṫ

︸ ︷︷ ︸
=
(

1− 2m
r1

)

ṫ

=

√
1− 2m

r1√
1− 2m

r2

λ

√
1− 2m

r1
ṫ

︸ ︷︷ ︸
ω1

,

and we have recovered (5.4.21).

Weak field light bending

For null geodesics (5.4.13) reads

d2u

dϕ2
= −u+ 3u2 . (5.4.22)

For u very small or, equivalently, for r large as compared to m, an excellent
approximation is obtained by neglecting the quadratic term, leading to

u0 = α cos(ϕ− ϕ0) ,

for some (small) constant α 6= 0 (otherwise r = ∞). By a redefinition of ϕ we
can always achieve ϕ0 = 0. Equivalently,

αr cosϕ = m ,

which is the equation for the straight line x = m/α in the (x, y) plane.

We can calculate the leading order correction to this by writing u = α cosϕ+
v(ϕ), where v = O(α2) is small. Inserting into (5.4.22) and neglecting terms
which are O(α3) one obtains

v′′ + v = 3α2 cos2 ϕ .

This is easily integrated to give

v = A cosϕ+B sinϕ+ α2(1 + sin2 ϕ) .

We choose A and B so that at ϕ = 0 the initial data for the orbit coincide with
those for the unperturbed one,

u(0) = α =
m

d
, u̇(0) = 0 ,
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where d is the distance of the closest approach of the orbit to the origin r = 0.
This gives A = −α2, B = 0, and

u = (α− α2) cosϕ+ α2(1 + sin2 ϕ)︸ ︷︷ ︸
=:u1

+O(α3) .

Now, the “Newtonian” orbit u0 was a straight line. By definition of u, we have
r →∞ if and only if u→ 0; for u0 this corresponds to ϕ→ ±π/2. However, the
corrected orbit u1 will reach zero at angles ±ϕα = ±(π/2+ γα), slightly larger in
modulus than π/2:

0 =
u1(ϕα)

α
= (1−α) cosϕα + α(1 + sin2 ϕα) = −(1−α) sin γα +α(1 + cos2 γα) .

Approximating sin γα by γα, and cos γα by one, one obtains

γα = 2α+O(α2) .

The total bending of the orbit is 4α, giving the final SI formula for the angle
deflection

4mG

dc2
,

recall that d is the distance of closest approach to the center.

For a light ray just grazing the surface of the sun, so that m =M☼, d = r
♁
,

one obtains a deflection of 10−5 radians or 2′′. This effect was claimed to have been
observed by Eddington during the 1919 eclipse expedition to Africa, by comparing
photographs of the star field near the sun during an eclipse with a photograph
of the same star field when the sun was not interfering. It should, however,
be said that some researchers have expressed doubts about the reliability of the
conclusions that could have been drawn from the data available at the time.

5.4.2 Massive test particles

Perihelion/periastron precession

Given a Keplerian orbit around a star, the periastron is the point at which the
orbit is closest to the star. When the star is our sun, this point is usually called
the perihelion.

We want to compare the motion in the Schwarzschild metric with the Keple-
rian orbits, at distances large compared to m. Here the following should be kept
in mind: for the orbit of the earth (so that r = r

♁
and J = J

♁
) around the sun

(so that m =M☼) we have

2M☼

r
♁

= 2u ∼ 10−8 ,
J2

♁

r2
♁

= J2

♁
M−2

☼
u2 ∼ 10−8 ,

M☼

J2

♁

∼ 10−8 .
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(Recall that m there is the mass of the central body, while J is the angular
momentum per unit mass of the orbiting one.)

So we return to (5.4.10) with λ = 1

(
dr

ds

)2

= −
(
1 +

J2

r2

)
(1− 2m

r
) + E2 = E2 − 1− J2

r2
+

2m

r
+

2mJ2

r3
. (5.4.23)

and we consider solutions which are perturbations of the the corresponding New-
tonian solutions. Now, for a body with unit mass, and with angular momentum
J , conservation of angular-momentum leads to the following formula for the New-
tonian energy EN

EN =
1

2
(ṙ2 + r2ϕ̇2)− m

r
=

1

2
(ṙ2 +

J2

r2
)− m

r
,

hence (
dr

ds

)2

= 2EN −
J2

r2
+

2m

r
. (5.4.24)

So we obtain the same equations if we neglect the 2mJ2

r3
term in (5.4.23), and

identify E2−1 with 2EN ; as already discussed, this last identification is consistent
with (5.4.15) at points where m/r and |~v|2 are small compared to one (in units
where G = c = 1).

Replacing r by u = m/r, we conclude that (5.4.12) with λ = 1,

(
du

dϕ

)2

=
m2E2

J2
− u2(1− 2u)− m2(1− 2u)

J2
, (5.4.25)

should be compared with its version where the u3 terms have been dropped out:

(
du

dϕ

)2

=
m2E2

J2
− u2 − m2(1− 2u)

J2
=
m2

J2
(E2 − 1 + 2u)− u2

⇐⇒
(
d(u− m2

J2 )

dϕ

)2

+ (u− m2

J2
)2 =

m4

J4
(1 +

J2(E2 − 1)

m2
)

︸ ︷︷ ︸
=:e2

. (5.4.26)

Consider, then the Newtonian solution

u0 =
m2

J2
(1 + e cosϕ) , e2 = 1 +

J2(E2 − 1)

m2
, (5.4.27)

which has been chosen so that u̇ = 0 at ϕ = 0. The equation of motion (5.4.13)
for u reads

d2u

dϕ2
+ u = 3u2 +

m2

J2
. (5.4.28)
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We write u = u0 + v, where v is small, and insert in (5.4.28) to obtain

d2v

dϕ2
+ v = 3

m4

J4
(1 + e cosϕ)2 . (5.4.29)

This can be integrated to obtain

v(ϕ) =
m4

J4

[
−(3 + e2) cosϕ+ 3

(
1 +

e2

2

)
− e2

2
cos 2ϕ+ 3eϕ sinϕ

]
,

where the free integration constants have been chosen so that v(0) = v′(0) = 0.
Thus,

u(ϕ) ≈ m2

J2
(1+e cosϕ)+

m4

J4

[
−(3 + e2) cosϕ+ 3

(
1 +

e2

2

)
− e2

2
cos 2ϕ+ 3eϕ sinϕ

]
.

As already mentioned, the perihelion is the point of closest approach to the
center, hence a maximum of u. At ϕ = 0 we have ∂ϕu = 0, so this is indeed an
extremum, and it is clear from the Newtonian expression (5.4.27) that this is a
maximum of u for m/J small enough. The next maximum will be at ϕ = 2π+ γ,
with γ small:

0 = ∂ϕu ≈ −
m2

J2
e sinϕ+

m4

J4

[
(3 + e2) sinϕ + e2 sin 2ϕ+ 3e sinϕ︸ ︷︷ ︸

≈0

+3eϕ cosϕ
]

≈ −m
2

J2
eγ + 6

m4eπ

J4
.

We have thus obtained, in SI units,

γ ≈ 6
m2πG

J2c2
.

This is the perihelion advance predicted by general relativity. For Mercury this
is sometimes called the perihermion advance, and equals about

40′′ per century .

A more detailed calculation gives the observed value of 43′′ per century. This
value was known to astronomers at the beginning of the twentieth century, one
suggested explanation being the existence of another planet between Mercury
and the sun.

For the Taylor-Hulse pulsar, described in the first lecture, the advance is
around 4o per year. This has to be corrected to account for the gravitational
waves emitted by the system; the observed corrections agree extremely well with
the theory, and provide an indirect proof of existence of gravitational waves.
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Figure 5.4: The Kruskal-Szekeres extension of the Schwarzschild solution.

5.5 The Kruskal-Szekeres extension

The transition from

g = (1− 2m
r
)dt2 − dr2

1− 2m
r

− r2dΩ2 (5.5.1)

to

g = (1− 2m

r
)dv2 − 2dvdr − r2dΩ2 (5.5.2)

using the coordinate

v = t + f(r) , f ′ =
1

1− 2m
r

, (5.5.3)

so that
v = t + r + 2m ln(r − 2m) ,

is not the end of the story, as further extensions are possible, which will be clear
from the calculations that we will do shortly. For the metric (5.5.1) a maximal
analytic extension has been found independently by Kruskal [3], Szekeres [7],
and Fronsdal [2]; for some obscure reason Fronsdal is almost never mentioned
in this context. This extension is visualised1 in Figure 5.4. The region I there
corresponds to r > 2m, while the extension constructed using the (v, r, θ, ϕ)
coordinates corresponds to the regions I and II.

The general construction, for spherically symmetric metrics, which we write
in the form

g = V 2dt2 − dr2

V 2 − r2dΩ2 , (5.5.4)

1I am grateful to J.-P. Nicolas for allowing me to use his electronic figures [5].
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proceeds as follows: We introduce another coordinate u defined by changing a
sign in the previous equation for v,

v = t + f(r) , f ′ =
1

V 2
, (5.5.5)

to

u = t− f(r) , f ′ =
1

V 2
, (5.5.6)

so that
u = t− r − 2m ln(r − 2m)

in the Schwarzschild case.
Similarly to what we have done in a previous lecture, one can now replace

(t, r) by (u, r), obtaining an extension of the exterior region I of Figure 5.4 into
the “white hole” region IV . However, it is easier to understand this picture by
passing directly to the complete extension, which proceeds in two steps. First,
we replace (t, r) by (u, v). We note that

V du = V dt− 1

V
dr , V dv = V dt+

1

V
dr ,

which gives

V dt =
V

2
(du+ dv) ,

1

V
dr =

V

2
(dv − du) .

Inserting this into (5.5.4) brings g to the form

g = V 2dt2 − V −2dr2 − r2dΩ2

=
V 2

4

(
(du+ dv)2 − (du− dv)2

)
− r2dΩ2

= V 2du dv − r2dΩ2 . (5.5.7)

The metric so obtained is still degenerate at {V = 0}. The desingularisation is
now obtained by setting

û = − exp(−cu) , v̂ = exp(cv) , (5.5.8)

with an appropriately chosen c: since

dû = c exp(−cu) du , dv̂ = c exp(cv)dv ,

we obtain

V 2du dv =
V 2

c2
exp(c(u− v))dû dv̂

=
V 2

c2
exp(−2cf(r))dû dv̂ .
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In the Schwarzschild case this reads

V 2

c2
exp(2cf(r)) =

r − 2m

c2r
exp(−2c(r + 2m ln(r − 2m)))

=
exp(−2cr)

c2r
(r − 2m) exp(−4mc ln(r − 2m)) ,

and with the choice
4mc = 1

the term r − 2m cancels out, leading to a factor in front of dû dv̂ which has no
zeros near r = 2m. Thus, the desired coordinate transformation is

û = − exp(−cu) = − exp( r−t
4m

)
√
r − 2m , (5.5.9)

v̂ = exp(cv) = exp( r+t
4m

)
√
r − 2m , (5.5.10)

with g taking the form

g = V 2du dv − r2dΩ2

=
16m2 exp(− r

2m
)

r
dû dv̂ − r2dΩ2 . (5.5.11)

Here r should be viewed as a function of û and v̂ defined implicitly by the equation

−ûv̂ = exp(
r

2m
)(r − 2m)

︸ ︷︷ ︸
=:G(r)

. (5.5.12)

Indeed, we have

(
exp(

r

2m
)(r − 2m)

)′
=

r

2m
exp(

r

2m
) > 0 ,

which shows that the function G defined at the right-hand-side of (5.5.12) is a
smooth strictly increasing function of r > 0. We have G(0) = −2m, and G tends
to infinity as r does, so G defines a bijection of (0,∞) with (−2m,∞). The
implicit function theorem guarantees smoothness of the inverse G−1, and hence
the existence of a smooth function r = G−1(−ûv̂) solving (5.5.12) on the set
ûv̂ ∈ (−∞, 2m).

Note that so far we had r > 2m, but there are a priori no reasons for the
function r(u, v) defined above to satisfy this constraint. In fact, we already
know from our experience with the (v, r, θ, ϕ) coordinate system that a restriction
r > 2m would lead to a space-time with poor global properties.

We have det g = − exp(− r
m
)

(16)2m4 r
2 sin2 θ, with all coefficients of g smooth, which

shows that (5.5.11) defines a smooth Lorentzian metric on the set

û, v̂ ∈ R , r > 0 . (5.5.13)
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This is the Kruszkal-Szekeres extension of the original Schwarzschild space-time.
Figure 5.4 gives a representation of the extended space-time in coordinates

X = (v̂ − û)/2 , T = (v̂ + û)/2 .

Here one should keep in mind that, as already showns, the metric cannot be
extended across the set r = 0 in the class of C2 metrics.

Let us discuss some features of Figure 5.4:

1. The singular set r = 0 corresponds to the spacelike hyperboloids

(X2 − T 2)|r=0 = −ûv̂|r=0 = 2m > 0 .

2. More generally, the sets r = const are hyperboloids X2−T 2 = const′, which
are timelike in the regions I and III (since X2− T 2 < 0 there), and which
are spacelike in the regions II and IV .

3. The vector field ∇T satisfies

g(∇T,∇T ) = g♯(dT, dT ) =
1

4
g♯(dû+ dv̂, dû+ dv̂) =

1

2
g♯(dû, dv̂) < 0 ,

which shows that T is a time coordinate. Similarly X is a space-coordinate,
so that Figure 5.4 respects our implicit convention of representing time
along the vertical axis and space along the horizontal one.

4. The map
(û, v̂)→ (−û,−v̂)

is clearly an isometry, so that the region I is isometric to region III, and
region II is isometric to region IV . In particular the extended manifold
has two asymptotically flat regions, the original region I, and region III
which is an identical copy I.

5. The hypersurface t = 0 from the region I corresponds to û = −v̂ > 0,
equivalently it is the subset X > 0 of the hypersurface T = 0. This can
be smoothly continued to negative X , which corresponds to a second copy
of this hypersurface. The resulting geometry is often referred to as the
Einstein-Rosen bridge. It is instructive to do the continuation directly
using the Riemannian metric γ induced by g on t = 0:

γ =
dr2

1− 2m
r

+ r2dΩ2 , r > 2m .

A convenient coordinate ρ is given by

ρ =
√
r2 − 4m2 ⇐⇒ r =

√
ρ2 + 4m2 .
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This brings γ to the form

γ =
(
1 +

2m√
ρ2 + 4m2

)
dρ2 + (ρ2 + 4m2)dΩ2 , (5.5.14)

which can be smoothly continued from the original range ρ > 0 to ρ ∈ R.
Equation (5.5.14) further exhibits explicitly asymptotic flatness of both
asymptotic regions ρ→∞ and ρ→ −∞. Indeed,

g ∼ dρ2 + ρ2dΩ2

to leading order, for large |ρ|, which is the flat metric in radial coordinates
with radius |ρ|.

6. In the Kruskal-Szekeres coordinate system the Killing vector field K = ∂t
takes the form

K = ∂t =
∂û

∂t
∂û +

∂v̂

∂t
∂v̂

= −û∂û + v̂∂v̂ . (5.5.15)

More precisely, the Killing vector field ∂t defined on the original Schwarzschild
region extends to a Killing vector field K defined throughout the Kruskal-
Szekeres manifold by the right-hand-side of (5.5.15).

We note that K is tangent to the level sets of û or v̂ at ûv̂ = 0, and
therefore is null there. Moreover, it vanishes at the sphere û = v̂ = 0,
which is called the bifurcation surface of the horizon. The justification of
this last terminology should be clear from Figure 5.4. Quite generally, a
hypersurface to which a Killing vector is tangent, and null there, is called
a Killing horizon. Therefore the union {ûv̂ = 0} of the black hole horizon
{û = 0} and the white hole event horizon {v̂ = 0} can be written as the
union of four Killing horizons and of their bifurcation surface.

The bifurcate horizon structure, as well as the formula (5.5.15), are rather
reminiscent of what happens when considering the Killing vector t∂x + x∂t
in Minkowski space-time; this is left as an exercice to the reader.

The Kruskal-Szekeres extension is inextendible, which can be proved as fol-
lows: first, (5.1.5) shows that the Kretschmann scalar RαβγδR

αβγδ diverges as r
approaches zero. As already pointed out, this implies that no C2 extension of
the metric is possible across the set {r = 0}. Next, an analysis of the geodesics
of the Schwarzschild metric shows that all (maximally extended) geodesics which
do not approach {r = 0} are complete. This implies inextendibility.

It can be shown that the Kruskal-Szekeres extension is singled out by being
maximal in the vacuum, analytic, simply connected class, with all maximally
extended geodesics γ either complete, or with the curvature scalar RαβγδR

αβγδ

diverging along γ in finite affine time.
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5.6 Conformal Carter-Penrose diagrams

Consider a metric with the following product structure:

g = grr(t, r)dr
2 + 2grt(t, r)dtdr + gtt(t, r)dr

2

︸ ︷︷ ︸
=:2g

+ hAB(t, r, x
A)dxAdxB︸ ︷︷ ︸

=:h

, (5.6.1)

where h is Riemannian metric in dimension n − 1. Then any causal vector for
g is also a causal vector for 2g, and drawing light-cones for 2g gives a good idea
of the causal structure of (M , g). We have already done that in Figure 5.4 to
depict the black hole character of the Kruskal-Szekeres space-time.

Now, it is not too difficult to prove that any two-dimensional Lorentzian
metric can be brought locally to the form

2g = 2guv(u, v)dudv = 2guv(−dt2 + dr2) (5.6.2)

in which the light-cones have slopes one, just as in Minkowski space-time. When
using such coordinates, it is sufficient to draw their domain of definition to visu-
alise the global causal structure of the space-time.

Exercice 5.6.1 Prove (5.6.2). (Hint: use coordinates associated with right-going
and left-going null geodesics.)

The above are the first two-ingredients behind the idea of conformal Carter-
Penrose diagrams. The last thing to do is to bring any infinite domain of definition
of the (u, v) coordinates to a finite one. For this, let ū and v̄ be defined by the
equations

tan ū =
û√
2m

, tan v̄ =
v̂√
2m

,

where v̂ and û have been defined in (5.5.9)-(5.5.10). Using

dû =

√
2m

cos2 ū
dū , dv̂ =

√
2m

cos2 v̄
dv̄ ,

the Schwarzschild metric takes the form

g =
16m2 exp(− r

2m
)

r
dû dv̂ − r2dΩ2

=
32m3 exp(− r

2m
)

r cos2 ū cos2 v̄
dū dv̄ − r2dΩ2 . (5.6.3)

Introducing new time- and space-coordinates t̄ = (ū + v̄)/2, x̄ = (ū − v̄)/2, so
that

ū = t̄− x̄ , v̄ = t̄ + x̄ ,
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one obtains a more familiar-looking form

g =
32m3 exp(− r

2m
)

r cos2 ū cos2 v̄
(dt̄2 − dx̄2)− r2dΩ2 .

This is regular except at cos ū = 0, and cos v̄ = 0, and r = 0. The first set
corresponds to the straight lines ū = t̄ − x̄ ∈ {±π/2}, while the second is the
union of the lines v̄ = t̄+ x̄ ∈ {±π/2}.

The analysis of {r = 0} requires some work: recall that r = 0 corresponds to
ûv̂ = 2m, which is equivalent to

tan(ū) tan(v̄) = 1 .

Using the formula

tan(ū+ v̄) =
tan ū+ tan v̄

1− tan ū tan v̄

we obtain “tan(ū+ v̄) = ±∞” or, more precisely,

ū+ v̄ = 2t̄ = ±π/2 .

So the Kruskal-Szekeres metric is conformal to a smooth Lorentzian metric on
C × S2, where C is the set of Figure 5.5.
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Figure 5.5: The Carter-Penrose diagram1 for the Kruskal-Szekeres space-time
with mass M . There are actually two asymptotically flat regions, with corre-
sponding event horizons defined with respect to the second region. Each point
in this diagram represents a two-dimensional sphere, and coordinates are cho-
sen so that light-cones have slopes plus minus one. Regions are numbered as in
Figure 5.4.
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