Ubungen zur Vorlesung Relativitiitstheorie und Kosmologie I: Problem Sheet 10

1 Newtonian warm-up

An elevator shaft is drilled diametrically through an ideally homogeneous spherical
earth of radius R and density p. An elevator is dropped into this shaft from rest at
the surface. Two point particles A and A’, are initially at rest in the elevator, one at
the center of the ceiling and one at the center of the floor, distance d apart. (i) Show
that the whole cabin executes simple harmonic motion with respect to the shaft, the
period of which you will determine. (i1) Find the relative acceleration between the
particles in the frame defined by the center of mass of the elevator. (This relative
acceleration is often referred to as “tidal gravitational force”). [Hint: Use Gauss’
theorem, equating influx of the gravitational field through a given surface to 4nG
the enclosed mass.]

2 Summation convention

For each of the following, either write out the equation with the summation signs
included explicitly or explain why the equation is ambiguous or does not make
sense. Provide a possible correct version, or versions, of the wrong or incoherent
equations.

(i) x = L MP3, (V) x* = LR + M5
(i) ¥ = Lb MC, 34 (vi) x4 = L4 20 + M“. 3¢
(i) 6¢ = 696¢ (vii) X9 = L9 + MP &€
(iv) 6¢ = 5%6¢ (viii) X4 = L9% + ¥, M5

3 Changes of coordinates

Let xX° = ¢, x! = x, x> = y, x* = z be inertial coordinates on flat space-time, so the
Minkowski metric has components

1 0 0 O
0 -1 0 O
(gab) - 0 0 -1 0
0O 0 0 -1

Let X be the vector field which in the above coordinate system equals (1, 1,0,0),
and let a be a one-form which in the above coordinate system equals (1, 1,0, 0).

Find the metric coefficients g,,, and the components of X and «, in each of the
following coordinate systems.
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where, in the first case, r, 6 are plane polar coordinates in the x,y plane; in the
second, r, 0, ¢ are spherical polar coordinates; and, in the third, 7, ¢ are ‘Rindler
coordinates’, defined by ¢t = 7 cosh ¢, x = 7sinh ¢. In each case, state which region
of Minkowski space the coordinate system covers. [Hint: A quick method for the
metric is to write it as ds* = df* — dx* — dy* — dz* and substitute, for example, dx =
cos 6dr — rsin 8d6, and so on. Of course you should justify that this is legitimate. |
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